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Motivation

• The rational design of molecules and materials is the key to solve the 
challenging problems we face from pandemics to global warming.

• Coupling formula-driven simulations with data-driven methods is required 
to accelerate material discovery.
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Motivation

• The rational design of molecules and materials is the key to solve the 
challenging problems we face from pandemics to global warming.

• Coupling formula-driven simulations with data-driven methods is required 
to accelerate material discovery.

1. CRISPR
2. Quantum and neuromorphic computing
3. Materials simulation

12/3/2020 The Trillion-Dollar Potential in Crispr, Materials Science, and Quantum Computing | Barron's

https://www.barrons.com/articles/the-trillion-dollar-potential-in-crispr-materials-science-and-quantum-computing-51550412044 1/3

3 Technologies That Could Create Trillion-
Dollar Markets Over the Next Decade
COMMENTARY By Greg Satell Updated April 21, 2019 / Original February 17, 2019

Go back to the typical household in 1950, and you would see much that you would

recognize: washing machines, vacuum cleaners, cars, TVs. But go back 50 years earlier,

to 1900, and most of us would find a world that was utterly foreign, and exhausting.

Daily chores like cooking and washing took hours of backbreaking labor. That’s

because in the early 20th century, electricity and internal combustion completely

changed how we live, transforming our cities, our homes, how we shop, eat, work, and

just about every other facet of daily existence.

We’re on the cusp of a similar point today, except it is not just two technologies that are

poised to change the world, but three of them: gene editing, new computing

architectures, and materials science are just beginning to make the leap from lab to

market. Taken together, these could be as transformative as electricity and internal

combustion, which kicked off a 50-year productivity boom.

Crispr

In 2006, Jennifer Doudna got a call from a colleague at the University of California,

Berkeley, Jillian Banfield, whom she knew only by reputation. Banfield’s area of

research interest—obscure bacteria living in extreme conditions—was only

tangentially related to Doudna’s work, studying the biochemistry of RNA and other cell

structures.

TECHNOLOGY OTHER VOICES

Photograph by Mario Tama/Getty Images

Traditionally, developing new materials has been a slow, painstaking process…
Yet today, we’re in the midst of a materials revolution. Powerful simulation techniques, 

combined with increased computing power and machine learning, are enabling researchers 
to automate much of the discovery process, vastly accelerating the development of new 

materials, in some cases by a factor of more than a hundred.



What is Machine Learning?
l AI is defined broadly as the study of systems that can perceive their environment and take 

actions to achieve their goals.
l Formal design of Turing-complete artificial neurons by McCullouch and Pitts in 1943 is 

considered as the first AI work.
l ML is the study of models that can learn patterns from data and make predictions without 

being explicitly programmed. 
l Original definition by Arthur Samuel in 1959.

AlphaZero, 2017Deep Blue, 1996The Turk, 1770
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Faster & Cheaper Computing Power
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https://en.wikipedia.org/wiki/FLOPS https://github.com/karlrupp/microprocessor-trend-data

Moore’s law

Dennard scaling

https://en.wikipedia.org/wiki/FLOPS
https://github.com/karlrupp/microprocessor-trend-data


6https://www.visualcapitalist.com/how-much-data-is-generated-each-day/ https://www.nodegraph.se/how-much-data-is-on-the-internet/

Big Data

https://www.visualcapitalist.com/how-much-data-is-generated-each-day/
https://www.nodegraph.se/how-much-data-is-on-the-internet/
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Big data & compute enabled deep learning

https://slides.com/beamandrew/deep-learning-101

DL methods are “representation-learning methods with multiple levels of 
representation, obtained by composing simple but non-linear modules that 
each transform the representation at one level (starting with the raw input) 
into a representation at a higher, slightly more abstract level.”
Lecun, Y.; Bengio, Y.; Hinton, G. Deep Learning. 
Nature 2015, 521 (7553), 436–444.

Breakthrough in 2012, 
AlexNet1 won ImageNet 
competition.

2012

1Krizhevsky, A., Sutskever, I. & Hinton, G. Proc. Advances in NeurIPS 25 1090 (2012)

https://slides.com/beamandrew/deep-learning-101


8

Deeper Learning More Computing

https://openai.com/blog/ai-and-compute

Amount of training data
Complexity of the model

https://openai.com/blog/ai-and-compute
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Machine Learning for Science
• Industry needs more data scientists and machine learning experts.
• More computing è more data è more computing è …
• Barrier for entry is low.
• Free courses, open-source codes.
• ML for science grows exponentially. Accuracy and applicability is 

limited by the training set.

“Machine learning” 
publications in physical or 
chemical sciences journals

https://app.dimensions.ai/



Types of Machine Learning

https://towardsdatascience.com/machine-learning-types-2-c1291d4f04b1



How to select the ML method?

https://scikit-learn.org/stable/tutorial/machine_learning_map/index.html



Reinforcement Learning
l Agents take actions to maximize their rewards. 
l Does not require labelled input/output pairs.
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Fig. 1. The workflow of deep RL algorithm for generating new SMILES strings of compounds with the desired properties. (A) Training step of the generative
Stack-RNN. (B) Generator step of the generative Stack-RNN. During training, the input token is a character in the currently processed SMILES string from the training set.
The model outputs the probability vector p Q(at|st − 1) of the next character given a prefix. Vector of parameters Q is optimized by cross-entropy loss function minimization. In
the generator regime, the input token is a previously generated character. Next, character at is sampled randomly from the distribution p Q(at| st − 1). (C) General pipeline
of RL system for novel compound generation. (D) Scheme of predictive model. This model takes a SMILES string as an input and provides one real number, which is an
estimated property value, as an output. Parameters of the model are trained by l2-squared loss function minimization.
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Fig. 1. The workflow of deep RL algorithm for generating new SMILES strings of compounds with the desired properties. (A) Training step of the generative
Stack-RNN. (B) Generator step of the generative Stack-RNN. During training, the input token is a character in the currently processed SMILES string from the training set.
The model outputs the probability vector p Q(at|st − 1) of the next character given a prefix. Vector of parameters Q is optimized by cross-entropy loss function minimization. In
the generator regime, the input token is a previously generated character. Next, character at is sampled randomly from the distribution p Q(at| st − 1). (C) General pipeline
of RL system for novel compound generation. (D) Scheme of predictive model. This model takes a SMILES string as an input and provides one real number, which is an
estimated property value, as an output. Parameters of the model are trained by l2-squared loss function minimization.
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Popova, M.; Isayev, O.; Tropsha, A. Deep Reinforcement Learning for de Novo Drug Design. Sci. Adv. 2018, 4 (7), 1–15.
Sui, F.; Guo, R.; Zhang, Z.; Gu, G. X.; Lin, L. Deep Reinforcement Learning for Digital Materials Design. ACS Mater. Lett. 2021, 3 (10), 1433–1439.
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Specific program
implementing formulas
(CP2K, LAMMPS, etc.)

Output: Energies, 
forces, band gap, etc.

Input: Atomic 
configuration, 
temperature, etc.

Formula-driven simulation

Generic program
implementing ML methods
(TensorFlow, PyTorch, scikit-learn 
etc.)Output: Energies, 

forces, band gap, etc.

Input: Atomic 
configuration, 
temperature, etc.

ML model generation

ML model

ML model Output: Energies, 
forces, band gap, etc.

Input: Atomic 
configuration, 
temperature, etc.

Data-driven simulation

• Orders of magnitude 
faster with better 
scalability

• Accuracy depends on 
the training set and 
ML model



Machine Learning Workflow

Chen, C.; Zuo, Y.; Ye, W.; Li, X.; Deng, Z.; Ong, S. P. A Critical Review of Machine Learning of Energy Materials. Adv. Energy Mater. 2020, 10 (8), 1903242.

www.advenergymat.de

© 2020 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim1903242 (3 of 36)

www.advancedsciencenews.com

It is therefore not surprising that many ML works have 
turned to computed data sources. Computations, particularly 
those based on DFT and other ab initio techniques, are more 
easily scaled across diverse chemical spaces than experiments. 
Moreover, recent efforts under the Materials Genome Initia-
tive have led to the proliferation of large, public databases of 
computed materials properties. Examples of general-purpose 
databases with high chemical diversity (typically based on 
large experimental databases of all known inorganic materials 
such as the ICSD as well as a subset of generated hypothetical 
structures) and property diversity (relaxed structures, ener-
gies, electronic structure properties, etc.) include the Mate-
rials Project,[10] AFLOWLIB,[54] the computational materials 
repository,[55] open quantum materials data (OQMD),[56] novel 
materials discovery (NOMAD) repository,[57] AiiDA,[58] JAVIS-
DFT,[59] CatApp,[60] etc. For example, the Materials Project,[10] 
one of the most popular computed data sources for ML works, 
currently hosts ≈133 000 DFT-relaxed crystal structures, at the 
time of writing, with energies and electronic structure proper-
ties such as the bandgap available for the majority of materials 
and other properties such as elastic constants, piezoelectric 
coefficients, etc., available for a subset of materials. Figure 2 
shows the historical trend in the number of crystals with 
various properties computed. Several of these databases, e.g., 
Materials Project and AFLOWLIB, also have well-defined APIs 
for rapid data access—a key requirement for efficient ML con-
struction.[61,62] In addition, there are many useful specialized 

databases such as the Harvard Clean Energy Project (CEP)[63] 
and the NREL materials database[64] that focus on energy appli-
cations that have been used for several ML works. For a more 
complete list of materials database and the corresponding 
tools, please see refs. [65,66].

While existing computed databases serve as excellent 
starting points for ML model building, augmenting the data 

Adv. Energy Mater. 2020, 10, 1903242

Figure 1. A workflow for constructing ML models. Five major steps are involved in this workflow, starting from identification of purpose, to data col-
lection, featurization, model building, and eventually application. Various open source databases and model packages have enabled a much easier 
experience of model construction.

Figure 2. Number of crystal structures with various properties computed 
in the Materials Project since inception.



Larger size
Push for weak scaling.
Disordered materials,
biomolecules, 
liquid phase chemistry,
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What Do We Want?

Longer time
Protein folding (beyond ms, 
1012 time steps)

More calculations
High-throughput calculations, 
i.e. screening of candidates for 
a photovoltaic

More accurate
Chemical accuracy
(1 kcal/mol) for 
thermochemistry and 
kinetics.

Faster simulations
Push for strong scaling.
Profile, tune, benchmark.

The total number of: 
atoms on the earth ~1050

small organic molecules ~1060

Our goal is to extend the applicability 
domain of predictive computational 

chemistry & material science.



16

Chemistry & Material Science: Quantum Mechanics

“The underlying physical laws 
necessary for the mathematical 

theory of a large part of physics and 
the whole of chemistry are thus 

completely known, and the difficulty 
is only that the exact application of 
these laws leads to equations much 

too complicated to be soluble.”*

PAM Dirac
(Nobel prize in 1933)

*Proceedings of the Royal Society of London. Series A, Vol. 123, No. 792, 1929

Dirac equation

Schrödinger equation

Time-independent Schrödinger equation
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The Born-Oppenheimer Approximation*

• Approximate separation of electronic and nuclear degrees of 
freedom in the molecular Hamiltonian, since nuclei are much 
heavier than electrons. 

   

Ĥe r;R( )Ψe r;R( ) = Ee R( )Ψe r;R( )
Ĥn R( )Ψn R( ) = E − Ee R( ){ }Ψn R( )

• Introduces the concept of Potential 
Energy Surface, which gives the 
energy of a molecule as a function 
of the nuclear coordinates.

*M. Born and R. Oppenheimer. Ann. Phys. 84, 457–484 (1927).



Potential Energy Surface / Force Field / Interatomic Potential

  
V =V0 + Fi

i
∑ Qi +

1
2

Fij
i, j
∑ QiQj +

1
6

Fijk
i, j ,k
∑ QiQjQk +

1
24

Fijkl
i, j ,k ,l
∑ QiQjQkQl + ...

18

P
ot

en
tia

l E
ne

rg
y 

Stretching normal coordinate 

Harmonic 

QFF 

Grid 

• Central concept for 
computational chemistry: 
kinetics, dynamics, 
spectroscopy

• No closed analytical form
• High dimensionality
• For M vibrational degrees of 

freedom:
Ø Gauss-Hermite 

quadrature: Number of 
points ~ PM 

Ø Taylor expansion 
truncated at order T: 
Number of points ~ MT



Workflow for Machine Learning Potentials
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1. Reference calculations 2. Structures to descriptors

Train/test sets for {E, f, q}

3. Regression

{x}

{E}

{f}

H"Ψ=$Ψ rcut

!1
!2

!"

rcut

rcut

q1

q2

qN {qtest}

{Etest}

{ftest}

{qtrain}

{Etrain}

{ftrain}

Active learning: Add a new point If uncertainty is high 



Descriptors for Machine Learning Potentials
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Behler, J.; Csányi, G. Machine Learning Potentials for Extended Systems: A Perspective. Eur. Phys. J. B 2021, 94 (7), 142.

142 Page 4 of 11 Eur. Phys. J. B (2021) 94 :142

conventional force fields

descriptor + nonlinear regression

basis + linear regression

combined representation + non-linear regression

1B 3B 4B ...

...

many-body QM2B

SOAP

ACSF

SNAP

Cormorant, SchNet,
NequIP, PhysNet,
AimNet, PaiNN ...

MTP, ACE

bispectrum

pair angle torsion

kernel

NN

GAP

HDNNP, DeepMD

message-passing networks

Fig. 1 Illustration of the different strategies for representing local atomic environments and regressing the potential energy

benchmark data sets, in particular for molecules, yield-
ing highly accurate energies and forces [40– 46].

4 Beyond locality—long-ranged MLPs

In spite of many successful applications of second-
generation MLPs based on Eq. 1, applying a cut-
off truncating the interactions necessarily represents
an approximation. This is well justified and intro-
duces only very small errors e.g. for systems with-
out significant charge transfer like in elemental com-
pounds [47,48] or in the presence of efficient screen-
ing, like in bulk liquid water [29,30]. Still, any inter-
action present beyond the cutoff limits the accuracy
that can be achieved, because for the ML algorithm
such interactions result in inconsistent data that can-
not be represented with the available information about
the local atomic environments. Consequently, interac-
tions beyond the cutoff will appear like noise, and to
minimize the overall error an averaged interaction is
obtained for interatomic distances larger than the cut-
off radius. Apart from electrostatics, e.g. also dispersion
interactions and delocalized electrons in aromatic com-
pounds or conjugated π-systems [48,49] can give rise to
rather long-ranged interactions.

While in principle it is possible to systematically
extend the cutoff radius to include an increasing part of
the atomic interactions, which is very similar in spirit
to increasing the number of passing steps in message-
passing methods, there are practical limitations in both

approaches. These concern the complexity in describing
the rapidly growing configuration space in the atomic
environments by a set of descriptors, but also the unfa-
vorable scaling of the performance regarding the num-
ber of neighbors in the cutoff spheres, or the number of
passing steps in message passing networks, respectively.

Assessing the relevance of long-range interactions is
thus an important task and has been done e.g. for the
cases of amorphous carbon [48], carbon clusters [50],
water clusters [29], organic molecules [49,51] and the
adsorption of metal clusters at oxides [51]. For instance,
it has been shown in a locality test for carbon [48] how
long-range interactions can be quantified by sampling
different atomic positions outside the cutoff sphere as
illustrated in Fig. 2. In essence, for fixed atomic posi-
tions inside the cutoff sphere the force acting on the cen-
tral atom is monitored while moving the atoms beyond
the cutoff. For mainly local interactions, only small
changes of the force will be observed. Similarly, the
dependence of atomic charges on structural features
outside the local atomic environments can be stud-
ied, e.g. by varying distant functional groups [51]. Next
to an overall reduced accuracy of the potential, too
small cutoffs can also induce artificial oscillations in the
energy and forces close to the cutoff radius if energies
and forces are used for training [24]. Note that such
locality tests are very general, and not only applicable
for assessing the level of nonlocality, but can be used to
measure the effectiveness of a long-range model: instead
of measuring the standard deviation of the total force
at the center of the fixed sphere (see Fig. 2), it is pos-
sible to consider the force difference between the ref-

123

• Descriptors + nonlinear fitting.          
A compact symmetry preserving 
representation of the (usually local) 
atomic geometry is defined,
and used as input to nonlinear 
regression schemes such as neural 
networks or kernel regression

• Basis + linear fitting
A basis of many symmetric functions 
of local atomic geometries is 
constructed, and coefficients are 
determined using regularised least 
squares fitting 

• Message passing networks
The representation and regression 
problems are solved simultaneously, 
starting with just atomic identities, 
which are iteratively passed along
the neighbour graph of the system 
and combined into a symmetric 
nonlinear function 



Neural Network Potentials
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l Artificial neural networks are universal approximators1; hence they can be used to fit complex PESs with 
arbitrary accuracy,

l They do not require any prior functional form, 
l They are applicable to any type of bonding without any bias, 
l Sampling, training and inference can be done in parallel.

1Hornik, K.; Stinchcombe, M.; White, H. Multilayer Feedforward Networks Are Universal Approximators. Neural Networks 1989, 2 (5), 359–366

Neural network models of potential energy surfaces
Thomas B. Blank, Steven D. Brown, August W. Calhoun,a) and Douglas J. Doren
Department of Chemistry and Biochemistry, University of Delaware, Newark, Delaware 19716

~Received 6 February 1995; accepted 7 June 1995!

Neural networks provide an efficient, general interpolation method for nonlinear functions of several
variables. This paper describes the use of feed-forward neural networks to model global properties
of potential energy surfaces from information available at a limited number of configurations. As an
initial demonstration of the method, several fits are made to data derived from an empirical potential
model of CO adsorbed on Ni~111!. The data are error-free and geometries are selected from uniform
grids of two and three dimensions. The neural network model predicts the potential to within a few
hundredths of a kcal/mole at arbitrary geometries. The accuracy and efficiency of the neural network
in practical calculations are demonstrated in quantum transition state theory rate calculations for
surface diffusion of CO/Ni~111! using a Monte Carlo/path integral method. The network model is
much faster to evaluate than the original potential from which it is derived. As a more complex test
of the method, the interaction potential of H2 with the Si~100!-231 surface is determined as a
function of 12 degrees of freedom from energies calculated with the local density functional method
at 750 geometries. The training examples are not uniformly spaced and they depend weakly on
variables not included in the fit. The neural net model predicts the potential at geometries outside the
training set with a mean absolute deviation of 2.1 kcal/mole. © 1995 American Institute of Physics.

I. INTRODUCTION

Molecular dynamics and Monte Carlo calculations re-
quire a description of the potential energy at arbitrary con-
figurations. Potential surfaces may be derived from experi-
mental data or electronic structure calculations. In either
case, accurate information is expensive to obtain and is
available for a limited number of geometries. In applications
where the potential must be evaluated at many configura-
tions, an efficient interpolation method is needed. One ap-
proach is to assume a functional form with a modest number
of adjustable parameters. A well-chosen function may allow
effective fits to small amounts of data, but finding such a
function requires exceptional intuition for all but the simplest
systems. Such functions may also incorporate unrealistic fea-
tures into the model. Increasing the amount of data may not
improve the accuracy of interpolation unless more param-
eters are introduced to make the model more flexible. At the
opposite extreme, if a large amount of data is available, a fit
can be made to very general functions, such as a cubic
spline. However, both the effort needed to fit data with a
spline function and the interpolation error in the spline in-
crease rapidly with increasing dimension. It is not always
possible to use a simple spline. When the data are not avail-
able on an evenly spaced grid, or when they include noise in
the dependent or independent variables, more sophisticated
versions of polynomial splines, such as MARS,1 are required
to obtain a satisfactory fit.

As an alternative to these methods, we have been explor-
ing an interpolation method based on multilayer, feed-
forward neural networks. Such neural networks are similar to
splines in that they are general, nonlinear fitting functions
that do not require any assumptions about the functional

form of the potential. Similar neural networks have proven
useful in many applications where a ‘‘simple’’ model is
needed to predict general behavior from a relatively small
number of examples.2–4 These examples must sample repre-
sentative features of the potential, but there are no other re-
strictions on their distribution. Well-designed neural network
models are robust with respect to errors in the examples,
when compared with conventional splines. Network models
often involve many fewer parameters than a simple spline,
yet the networks can provide more accurate models than
MARS, as has been demonstrated in some cases with noisy
data.5 Here, we show in several realistic cases that neural
network models generated from a modest number of ex-
amples can accurately predict interaction potentials. The ad-
justable parameters in the neural network model ~usually re-
ferred to as network weights! are determined by a modified
quasi-Newton optimizer. This nonlinear optimization process
is referred to as training and the examples used to effect the
optimization are called the training data. With a trained net-
work model, it is inexpensive to evaluate the potential as a
function of the input parameters, suggesting that neural net-
work models will prove valuable in applications that are
dominated by the time required to evaluate potentials ~e.g.,
molecular dynamics!.

In Sec. II, we introduce one type of neural network and
very briefly summarize a new method used to optimize the
network weights. Multilayer, feed-forward neural networks
of the type that we use in this study can fit, in principle, any
real-valued, continuous function of d-dimensions to arbitrary
accuracy using a finite number of parameters.6 This capabil-
ity, while proven theoretically, leaves open many practical
questions. Interaction potentials for chemical systems consti-
tute a special class of functions. It is not known how many
parameters are needed to achieve a given level of accuracy
from a neural net, or how the number of parameters and the
complexity of training depend on the potential. Above all, it

a!Present address: Department of Chemistry, University of Pennsylvania,
Philadelphia, PA 19104.

4129J. Chem. Phys. 103 (10), 8 September 1995 0021-9606/95/103(10)/4129/9/$6.00 © 1995 American Institute of Physics

is not clear a priori whether the use of neural nets offers any
advantages over using other interpolation methods for mod-
eling chemical interactions.

To explore these issues, we have used neural networks to
fit data sets produced by some low-dimensional models of a
CO molecule chemisorbed on a Ni~111! surface. The models
used in this study are constrained versions of a many-
dimensional empirical potential that has been used in simu-
lations of surface dynamics,7–10 where it has been shown to
give a reliable qualitative picture of molecule–surface inter-
actions. An empirical potential makes a convenient test of
the neural net method since the functional form is realistic
and data are easily generated for training and testing the
network approximation. Examples for training are error-free
and can be selected in any convenient way ~we have used
uniform grids in configuration space!. Section III describes a
neural network trained to reproduce two- and three-
dimensional cross sections of this model. In these examples,
the training step is accomplished rapidly and the potential is
accurately reproduced by the output of the neural net. Sec-
tion IV illustrates the use of a neural network model in a
practical calculation. We describe quantum transition state
theory simulations of surface diffusion rates for CO/Ni~111!
with the two degree-of-freedom model. Calculation of the
potential with the trained network model is an order of mag-
nitude faster than a calculation using the original empirical
potential. This demonstrates that neural networks can effi-
ciently represent the functional form of typical chemical in-
teractions. If these properties scale favorably with dimen-
sion, neural networks will be useful in modeling chemical
interactions.

A more demanding test of neural network models is de-
scribed in Sec. V. A model of H2 on a Si~100!-231 surface is
developed as a function of 12 coordinates. Training examples
are taken from first principles, local spin density calcula-
tions. Geometries of many examples are determined in the
course of structure optimizations and transition state
searches, so they do not lie on a uniform grid. Further, the
energy depends on additional variables not included in the
model. This introduces ‘‘noise’’ in the training data so that
the accurate fits obtained with noise-free data are out of the
question.

We conclude with a discussion of future prospects for
developing neural net methods to fit results of electronic
structure calculations.

II. ARTIFICIAL NEURAL NETWORKS: METHODS
A. Network structure

To be specific, we will describe the use of a two-layer,
feed-forward neural net for a two-degree-of-freedom ex-
ample which is described in more detail in Sec. III. The
network inputs are the two coordinates, denoted x and u, and
the network output is the corresponding value of the poten-
tial. Figure 1 is a schematic of the networks we have used in
these studies. The circles indicate the network ‘‘nodes.’’
Node inputs are indicated by lines entering from above; lines
exiting from the bottom indicate node outputs. This network
design, in which each node is connected to every node in the

adjacent layers but nodes in the same layer are not con-
nected, is called a multilayer, feed-forward net. Each connec-
tion in the neural network model is associated with an ad-
justable parameter, or weight. For the network shown in Fig.
1, there are 25 adjustable parameters.

The two nodes in the top, or input, layer of the network
are simply buffers that fan out the input values to all of the
nodes in the next ~hidden! layer. The output of nodes in the
hidden layer is based on weighted sums of inputs, modified
by transfer functions. We have used the same nonlinear
transfer function for all nodes in the hidden layer. The output
from node i in this layer is a simple sigmoidal function,

g~yi!5@11exp~2yi!#21, ~1!

where yi is the weighted sum of inputs of the node,

yi5wi01(
j51

s

wi ja j . ~2!

Here, wi0 is the input to node i from the bias node, a j are the
other inputs to node i ~the output values from the s nodes in
the previous layer! and wi j is the weight associated with a j at
node i . Weights may be positive or negative. The bias node
adds a constant ~i.e., independent of x and u! weighted input
to each node in the hidden and output layers to permit the
addition of a constant offset in these transformations. The
sigmoid function is nearly constant at 0 or 1 except over a
narrow range of inputs, and the value of the weighted bias
input determines the range of inputs over which the output of
each node will vary. The transfer function used for the single
node in the output layer is a linear transformation of the
summed outputs from the hidden layer.

All of the networks we use have an input layer, a single
hidden layer, one output node in the output layer, and one
bias node connected to the hidden and output layers. A
simple way to describe feed-forward networks is to list the
number of nodes in the three layers, followed by letters de-
noting the form of transfer functions used for each of the
hidden and output layers ~s for sigmoid, l for linear!. In this
notation, the network of Fig. 1 has a 2-6-1sl structure. The
optimal network topology, i.e., the number of nodes in each

FIG. 1. Schematic of the feed-forward neural network used for the two
degree-of-freedom model.

4130 Blank et al.: Neural network models of potential surfaces

J. Chem. Phys., Vol. 103, No. 10, 8 September 1995



Behler-Parrinello NNPs

22

l Earlier NNPs are limited to low-dimensional PESs since the order of 
input coordinates were not arbitrary (any change in the order of atoms 
change the energy) and a trained model can only be used for the 
molecule it was trained.

l BP-NNPs represent total energy as a sum of atomic contributions 
inspired by the empirical potentials.

l Introduced atom centered symmetry functions to describe local 
environment.

Generalized Neural-Network Representation of High-Dimensional Potential-Energy Surfaces

Jörg Behler and Michele Parrinello
Department of Chemistry and Applied Biosciences, ETH Zurich, USI-Campus, Via Giuseppe Buffi 13, CH-6900 Lugano, Switzerland

(Received 27 September 2006; published 2 April 2007)

The accurate description of chemical processes often requires the use of computationally demanding
methods like density-functional theory (DFT), making long simulations of large systems unfeasible. In
this Letter we introduce a new kind of neural-network representation of DFT potential-energy surfaces,
which provides the energy and forces as a function of all atomic positions in systems of arbitrary size and
is several orders of magnitude faster than DFT. The high accuracy of the method is demonstrated for bulk
silicon and compared with empirical potentials and DFT. The method is general and can be applied to all
types of periodic and nonperiodic systems.
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The reliability of molecular dynamics (MD) or
Monte Carlo (MC) simulations depends crucially on the
accuracy of the underlying potential-energy surface (PES).
Ab initio methods based on density-functional theory [1]
(DFT) provide accurate PESs for many systems, but they
are computationally very demanding and even on the most
advanced platforms ab initio MD simulations are limited to
tens of picoseconds and a few thousand atoms. This is the
reason for the continuing popularity of empirical potentials
which provide fast access to energy and forces. However
the construction of reliable empirical potentials is a diffi-
cult and lengthy process which usually relies on fitting the
parameters of a guessed, physically motivated simple func-
tional form for the interaction potential. This can lead to
qualitatively wrong results when used in circumstances in
which the assumed functional form is not appropriate. The
database used in the fitting can include experimental or
theoretical data and even the forces obtained in an ab initio
MD run [2– 4].

In this Letter we present a generalized neural-network
(NN) method for constructing DFT-based PESs which have
ab initio accuracy and are capable of describing all types of
bonding. The method overcomes the limitations that have
so far restricted the use of NNs to low-dimensional PESs
[5,6]. This is achieved by combining NN precision and
flexibility with a PES representation that is inspired by
empirical potentials. The resulting many-body potentials
are a function of all atomic coordinates and can be used in
systems of arbitrary size. We apply our ideas to the con-
struction of an NN-based many-body potential for bulk
silicon. Constructing an empirical potential for Si that is
valid across the phase diagram has proven to be a frustrat-
ing challenge for conventional empirical potentials. Our
potential works well in the solid semiconducting and in the
liquid metallic phases. In addition we can reproduce the
small energy differences between the different high-
pressure phases of crystalline Si.

Neural networks are biology-inspired algorithms that
provide an accurate tool for the representation of arbitrary
functions. Given a number of points in which the value of

the function is known, the parameters of the NN are
optimized in order to reproduce the input data in a ‘‘train-
ing’’ process and then used to evaluate the function else-
where. For the representation of PESs DFT calculations are
generally used to provide the training data set. Once
trained, the atomic coordinates are given to the NN and
the potential energy, from which also forces can be calcu-
lated analytically, is received [5,6].

The structure of a simple NN as it has hitherto been used
to represent PESs is shown schematically in Fig. 1 for a
two-dimensional PES. In the nodes of the input layer the
two generalized coordinates G1

i and G2
i that determine the

energy of configuration i are provided. The node in the
output layer yields the associated energy E i. In between the

 

FIG. 1. Example of a standard neural network employed for
fitting potential-energy surfaces [5,6]. The node in the output
layer yields the energy E i, which in this case depends on the
values of the two input nodes, G1

i and G2
i . In between the input

and the output layer there is a hidden layer with three nodes
represented by the circles. The arrows correspond to the 13
weight parameters wkij, which connect node j in layer k with
node i in layer k! 1. The bias node is used to adapt the
nonlinearity region of the activation functions. The functional
form of this small network is given in Eq. (1).
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input and the output layer are one or more ‘‘hidden layers,’’
each with a certain number of nodes. All nodes in each
layer are connected to the nodes in the adjacent layers by
real-valued weight parameters, which initially are chosen
randomly. For a given set of coordinates the output of the
NN is then given by the expression

 E i ! f2
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X3

j!1

w2
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1
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Here, wkij is the weight parameter connecting node j in
layer k with node i in layer k# 1, and wk0j is a bias weight
that is used as an adjustable offset for the activation func-
tions fka. Activation functions are typically nonlinear func-
tions that introduce the capability to fit nonlinear functions
into the NN [5 ,6]. In the present work the hyperbolic
tangent has been used as an activation function in the
hidden layers, and a linear function for the output layer.
Since the weight parameters initially are chosen randomly,
the output of the NN does not correspond to the correct
total energy, but since the latter is known for a set of points
from DFT calculations, an error function can be con-
structed and minimized to optimize the weight parameters
in an iterative way. The optimized set of weights obtained
can then be used to calculate the potential energy for a new
set of coordinates.

This NN structure has several disadvantages that hinder
its application to high-dimensional PESs. Since all weights
are generally different, the order in which the coordinates
of a configuration are fed into the NN is not arbitrary, and
interchanging the coordinates of two atoms will change the
total energy even if the two atoms are of the same type.
Another limitation related to the fixed structure of the
network is the fact that a NN optimized for a certain
number of degrees of freedom, i.e., number of atoms,
cannot be used to predict energies for a different system
size, since the optimized weights are valid only for a fixed
number of input nodes. Thus, in order to represent PESs
useful for all system sizes, a new NN topology has to be
introduced.

The main idea is to represent the total energy E of the
system as a sum of atomic contributions E i, an approach
that is typically also used in empirical potentials

 E !
X
i
E i: (2)

The general structure of this new network topology is
shown schematically in Fig. 2 for a system consisting of
three atoms and all associated degrees of freedom. The
fR"i g represent the Cartesian coordinates " of atom i. In a
first step these coordinates are transformed into a set of
symmetry function values fG!

i g for each atom i. These
symmetry function values describe the energetically rele-
vant local environment of each atom and are subsequently
used as input for the NN. They depend on the positions of
all atoms in the system, as indicated by the dotted arrows.

For each atom in the system there is now a ‘‘standard’’ NN
(cf. Fig. 1), which we call subnet Si and which after the
weight optimization yields the energy contribution E i to
the total energy E . Summing these energy contributions
then finally yields the total energy of the system. To ensure
the invariance of the total energy with respect to the
interchanging of two atoms the structure of all subnets
and the values of the weight parameters are constrained
to be identical in each Si.

The crucial point is the introduction of a new type of
symmetry function. While other types of symmetry func-
tions have been used before [5 ], in our approach the
symmetry function values of each atom reflect the local
environment that determines its energy; i.e., two structures
with different energies must yield different sets of symme-
try function values, while identical local environments
must give rise to the same set. Furthermore, the symmetry
function values must be invariant with respect to a rotation
or translation of the system. Finally, the number of sym-
metry functions must be independent of the coordination of
the atom, because the coordination number of an atom can
change in a MD simulation, while the structure of the
subnets must not be changed if the NN is to remain
applicable generally.

Symmetry functions can be constructed from atomic
positions in a way similar to empirical potentials. But
while in the latter case these terms are used to construct
directly the total energy of the system, in the case of the
NN they are used only to describe the structure. The
assignment of the energies to the structures is done in a
second step by the NN.

In order to define the energetically relevant local envi-
ronment we employ a cutoff function fc of the interatomic
distance Rij, which has the form

 fc$Rij% !
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FIG. 2. Structure of the neural network as applied in this Letter
to a system containing three atoms. The Cartesian coordinates of
atom i are given by R"i . These are transformed to a set of !
symmetry function values G!

i describing the local geometric
environment of atom i, which depends on the positions of all
atoms in the system as indicated by the dotted arrows. The
symmetry function values of atom i then enter the subnet Si
yielding the energy contribution E i of atom i to the total energy
of the system E . The structure of the subnets corresponds to the
neural network shown in Fig. 1.
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input and the output layer are one or more ‘‘hidden layers,’’
each with a certain number of nodes. All nodes in each
layer are connected to the nodes in the adjacent layers by
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Here, wkij is the weight parameter connecting node j in
layer k with node i in layer k# 1, and wk0j is a bias weight
that is used as an adjustable offset for the activation func-
tions fka. Activation functions are typically nonlinear func-
tions that introduce the capability to fit nonlinear functions
into the NN [5 ,6]. In the present work the hyperbolic
tangent has been used as an activation function in the
hidden layers, and a linear function for the output layer.
Since the weight parameters initially are chosen randomly,
the output of the NN does not correspond to the correct
total energy, but since the latter is known for a set of points
from DFT calculations, an error function can be con-
structed and minimized to optimize the weight parameters
in an iterative way. The optimized set of weights obtained
can then be used to calculate the potential energy for a new
set of coordinates.

This NN structure has several disadvantages that hinder
its application to high-dimensional PESs. Since all weights
are generally different, the order in which the coordinates
of a configuration are fed into the NN is not arbitrary, and
interchanging the coordinates of two atoms will change the
total energy even if the two atoms are of the same type.
Another limitation related to the fixed structure of the
network is the fact that a NN optimized for a certain
number of degrees of freedom, i.e., number of atoms,
cannot be used to predict energies for a different system
size, since the optimized weights are valid only for a fixed
number of input nodes. Thus, in order to represent PESs
useful for all system sizes, a new NN topology has to be
introduced.

The main idea is to represent the total energy E of the
system as a sum of atomic contributions E i, an approach
that is typically also used in empirical potentials
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symmetry function values describe the energetically rele-
vant local environment of each atom and are subsequently
used as input for the NN. They depend on the positions of
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For each atom in the system there is now a ‘‘standard’’ NN
(cf. Fig. 1), which we call subnet Si and which after the
weight optimization yields the energy contribution E i to
the total energy E . Summing these energy contributions
then finally yields the total energy of the system. To ensure
the invariance of the total energy with respect to the
interchanging of two atoms the structure of all subnets
and the values of the weight parameters are constrained
to be identical in each Si.

The crucial point is the introduction of a new type of
symmetry function. While other types of symmetry func-
tions have been used before [5 ], in our approach the
symmetry function values of each atom reflect the local
environment that determines its energy; i.e., two structures
with different energies must yield different sets of symme-
try function values, while identical local environments
must give rise to the same set. Furthermore, the symmetry
function values must be invariant with respect to a rotation
or translation of the system. Finally, the number of sym-
metry functions must be independent of the coordination of
the atom, because the coordination number of an atom can
change in a MD simulation, while the structure of the
subnets must not be changed if the NN is to remain
applicable generally.

Symmetry functions can be constructed from atomic
positions in a way similar to empirical potentials. But
while in the latter case these terms are used to construct
directly the total energy of the system, in the case of the
NN they are used only to describe the structure. The
assignment of the energies to the structures is done in a
second step by the NN.
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FIG. 2. Structure of the neural network as applied in this Letter
to a system containing three atoms. The Cartesian coordinates of
atom i are given by R"i . These are transformed to a set of !
symmetry function values G!

i describing the local geometric
environment of atom i, which depends on the positions of all
atoms in the system as indicated by the dotted arrows. The
symmetry function values of atom i then enter the subnet Si
yielding the energy contribution E i of atom i to the total energy
of the system E . The structure of the subnets corresponds to the
neural network shown in Fig. 1.
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At interatomic separations larger than the cutoff Rc this
function yields zero value and slope. The cutoff has to be
sufficiently large to include several nearest neighbors, and
in the present Letter a cutoff of 6 Å has been used.

Radial symmetry functions are constructed as a sum of
Gaussians with the parameters ! and Rs,

 G1
i !

Xall

j!i
e"!#Rij"Rs$

2
fc#Rij$: (4)

The summation over all neighbors j ensures the indepen-
dence of the coordination number.

Angular terms are constructed for all triplets of atoms by
summing the cosine values of the angles "ijk ! Rij%Rik

RijRik
centered at atom i, with Rij ! Ri "Rj,
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i ! 21"# Xall

j;k!i

#1 & $ cos"ijk$#

' e"!#R2
ij& R2

ik& R2
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with the parameters $ #! & 1;"1$, !, and # . The multi-
plication by the three cutoff functions and by the Gaussian
ensures a smooth decay to zero in the case of large inter-
atomic separations. We note that the G%

i in Eqs. (4) and (5)
depend on all atomic positions inside the cutoff radius and
thus represent ‘‘many-body’’ terms. Several functions of
each type with different parameter values are used. The
choice of symmetry functions and their parameters is not
unique nor does it need to be, and many types of functions
can be used, as long as the set of function values is suitable
for describing the environment of an atom.

To demonstrate the capability of the method we calcu-
lated the PES of bulk silicon using DFT in the local density
approximation (LDA). The system used for the optimiza-
tion of the NN parameters contains 64 atoms yielding 64
atomic environments per calculation. The calculations
were carried out employing the plane-wave pseudo-
potential method as implemented in PWSCF [7]. A cutoff
of 20 Ry was applied in combination with an ultrasoft
pseudopotential [8]. A mesh of 3 ' 3 ' 3 k points was
used. To improve the convergence of the metallic phases a
Fermi smearing of 0.1 eV was employed.

Since the functional form of the NN has no physical
motivation, the construction of an optimized NN requires
special care. The structures used to train the NN [9] were
initially taken from crystal structures including high-
pressure phases [10] and MD simulations at different pres-
sures and temperatures. Starting from this data set a series
of fits was generated employing different NN topologies,
i.e., numbers of hidden layers and nodes per hidden layer.
The best fits can then be used to optimize the NN in a self-
consistent way by performing MD, hybrid Monte Carlo
[11,12], and metadynamics [13,14] runs based on these fits
and subsequently recalculating several hundred represen-
tative structures with DFT. If the root mean square error

(RMSE) is larger than the error of the fit, the DFT calcu-
lations are added to the training set and new fits deter-
mined, which are used to generate more structures, and so
forth.

In total about 9000 DFT energies were calculated, 8200
of which were used for optimizing the NN and 800 as an
independent test set to investigate the predictive capability
of the NN for structures not included in the optimization
set. The RMSE of the optimization set is typically 4–
5 meV per atom, the RMSE of the test set 5–6 meV. For
the NN atomic forces we found a RMSE of about
0:2 eV= !A with respect to DFT. The subnet employed con-
sists typically of 2 hidden layers, each of which has about
40 nodes. In total 48 symmetry functions, i.e., input nodes,
with different values of !, Rs, and # have been used
resulting in a few thousand fitting parameters for the NN.

As a first test of the NN potential we calculated the
energy vs volume curves for the different crystal structures
of silicon [10]. It is well known that empirical potentials
are not able to describe the correct energetic sequence of
the various phases [15] while DFT is in good agreement
with the experimental data [10]. The NN potential accu-
rately reproduces the curves and the transition pressures of
DFT. To test the ability of the NN potential to describe also
disordered structures we calculated the radial distribution
function (RDF) of a silicon melt at 3000 K. The result is
shown in Fig. 3 and compared to other potentials of varying
form and complexity [15–17]. The MD simulations were
run for 20 ps (8 ps in the case of DFT [18]). The RDF
obtained from the NN is very close to the DFT data, while
there are significant deviations for the empirical potentials.
The origin of the small difference between DFT and the
NN is probably due to the fact that in the ab initio MD only
the " point has been used to sample the Brillouin zone,
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FIG. 3 (color online). Radial distribution function (RDF) of a
silicon melt at 3000 K as obtained using a cubic 64 atom cell
(a ! 20:526 bohr). The curves shown were obtained from the
Bazant [17,19], the Lenosky [15,19], the Tersoff [16,20], a
neural network (NN) potential, and from density-functional
theory (DFT) [18].
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l Train NNP initially with 5M DFT calculations. After freezing some parameters, they retrain with 
a smaller dataset (500k) DLPNO-CCSD(T)/CBS calculations. 
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Cluster Accuracy with a General-Purpose Neural Network Potential through Transfer Learning. Nat. Commun. 2019, 10 (1), 2903.

There is a set of limitations that would require the development
of new theory and methods, for instance for recovering long-
range interactions through the addition of coulomb interactions,
to treat multiple electronic excited states or radicals.

Methods
An efficient and accurate CCSD(T)/CBS approximation. Recalculating even
10% of the ANI-1x data set (i.e., 500k molecules) with conventional CCSD(T)/CBS
would require enormous computational resources. Therefore, we developed an
approximation scheme (herein referred to as CCSD(T)*/CBS) that allows highly
accurate energy calculations in a high-throughput fashion.

Our CCSD(T)*/CBS method is a computationally efficient approximation of
CCSD(T)/CBS energies that takes advantage of the linear-scaling domain-
localized DPLNO-CCSD(T) method developed by Neese et al.58 which is
implemented in the ORCA software package59. It provides an affordable
alternative capable of achieving near CCSD(T) accuracy at a fraction of the
computational cost. The DLPNO approximation relies on the MP2 method to
estimate energy contributions from interacting electron pairs and effectively
reduce the active orbital space. Table 3 provides accuracy and timing
benchmarks, clearly showing our CCSD(T)*/CBS approximation provides
accurate energies vs. the CCSD(T)-F12 level of theory60 in a computationally
efficient way. S66 and W4-11 are standard benchmarks for interaction and
atomization energies of small molecules61,62. See Supplementary Table 1 for
a more detailed comparison. Details of our CCSD(T)*/CBS scheme plus
additional benchmarks are given in supplemental information Section S1.1.

Using active learning for CCSD(T)*/CBS data set curation. The existing ANI-
1x active learning generated data set25 is used to train an initial DFT (to the
ωB97X/6-31G* model chemistry63) potential, likewise dubbed ANI-1x. The ANI-
1x data set consists of 5M conformations from 64k small molecules and complexes
of molecules containing only CHNO atoms. All model and training procedures are
detailed in the ANI-1 work43. Section S1.2 provides details of the architecture,
selection of hyperparameters, and held out test set errors. To reduce variance and
increase accuracy, all ANI results presented in this work are the ensemble

prediction of eight ANI neural networks, i.e., the ANI-1x potential used in this
work is an ensemble of eight ANI-1x neural networks trained to different splits of
the ANI-1x data set and the ANI-1ccx network is built by transfer learning from
the eight ANI-1x networks25. The disagreement between predictions of ensemble
members can be used as a proxy to the prediction error, enabling rapid identifi-
cation of molecular conformations where the current ANI model fails.

Despite the efficiency of our CCSD(T)*/CBS extrapolation scheme, optimal
curation of the coupled-cluster data set is still essential since we can only perform a
limited number of these calculations. As a source of structures for CCSD(T)*/CBS
data generation, we choose to systematically subsample the existing data set with
5M molecules, since this data set already provides a pool of highly diverse
molecular configurations and conformations. We begin with an initial random
subsample of 200k data points, then iteratively we select new data for coupled-
cluster calculations according to maximal ensemble disagreement (i.e., query by
committee64). Through three iterations of coupled-cluster data generation using
active learning, we grow the coupled-cluster data set to about 480k molecules. To
further improve the ANI potential’s description of torsion profiles, we also perform
20 iterations of active learning25 on random molecular torsions from small and
drug-like molecules to enhance ANI-1x with about 200k new DFT calculations.
The ANI driven torsion sampling technique is detailed in Section S1.3. Of these
torsion conformations, we randomly select 10% for CCSD(T)*/CBS calculations.
The result is an enhanced ANI-1x DFT data set containing 5.2M data points and a
high-accuracy CCSD(T)*/CBS data set containing about 500k data points.

Training to high-accuracy data using transfer learning. Here we describe the
transfer learning methodology (depicted schematically in Fig. 4) used to create
ANI-1ccx. First, an ANI potential is trained to the DFT data set with the new active
learning torsion data added, yielding a potential equivalent to the ANI-1x poten-
tial25. Note, a single ANI potential is composed of multiple ANI neural network
models. We then retrain each ANI-1x model to the CCSD(T)*/CBS data with
65,280 of the 325,248 optimizable neural network parameters held constant for
each ANI model in the ensemble. Training a single ANI model to the original 5.2
million molecule data set takes ~4 h on a NVIDIA Titan V GPU, while retraining
to the 500k molecule CCSD(T)*/CBS data set takes around 30 min. Neural network
parameters are organized into a set of hidden layers. The ANI models trained in
this work contain four hidden layers; we leave two hidden layers to be optimized

ANI-1x DFT
dataset

(5 M datapoints)

Transfer learning algorithm

Train network Retrain network

CCSD(T)*/CBS
(CC) dataset

(500 k datapoints)

Copy ANI-1x DFT
pretrained parameters

Fixed

Fixed

EANI-1ccx
CCEANI-1x

DFT

Fig. 4 Diagram of the transfer learning technique evaluated in this work. Transfer learning starts from a pretrained ANI-1x DFT model, then retrains to
higher accuracy CCSD(T)*/CBS data with some parameters fixed during training

Table 3 Computational cost and accuracy of our coupled-cluster approximation

CPU-core hoursa Mean absolute deviation from CCSD(T)-F12 (kcal mol−1)

Alanine (13 atoms) Aspirin (21 atoms) S66 W4-11

CCSD(T)/CBS 9.13 427.00 0.03 1.31
CCSD(T)*/CBS (this work) 1.44 7.44 0.09 1.46

aAll calculations are performed on an Intel Xeon E5-2630 v3 @ 2.40 GHz CPU
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Table 1 provides mean absolute deviations (MAD) and root
mean squared deviations (RMSD) for the ANI potentials and
ωB97X/6-31g*, on the GDB-10to13 benchmark from the
COMP625 benchmark suite. Reference values are recomputed at
the CCSD(T)*/CBS level of theory. Table 1 only considers
conformations within 100 kcal mol−1 of the energy minima for
each molecule. The conformational energy ΔE is the energy
difference between all conformers for a given molecule in the
benchmark25. Methods compared are the ANI-1ccx transfer
learning potential, ANI-1ccx-R trained only on coupled-cluster
data, ANI-1x trained only on DFT data, and the DFT reference
(ωB97X). Our analysis concludes that training a model only to
the smaller CCSD(T)*/CBS data set (ANI-1ccx-R) results in a
23% degradation in RMSD compared with the transfer learning
model (ANI-1ccx). The DFT trained ANI-1x model has a 36%
increase in RMSD over ANI-1ccx. ANI-1ccx performs as well as
the original reference (ωB97X/6-31G*) in the 100 kcal mol−1

energy range on the GDB-10to13 CCSD(T)*/CBS benchmark.
Recall that each ANI model is an ensemble average over eight
neural networks. Without an ensemble of networks, the MAD
and RMSD of ANI models degrades by about 25%25. Supple-
mentary Table 5 provides errors for all methods within the full
energy range of the GDB-10to13 benchmark. Notably, ANI-1ccx
outperforms DFT with an RMSD of 3.2 kcal mol−1 vs. 5.0 kcal
mol−1 for DFT, which means the ANI-1ccx model generalizes
better to high energy conformations than ωB97X/6-31G*.
Supplementary Fig. 3 shows correlation plots for the ANI models
vs. CCSD(T)*/CBS.

Atomization energy. Figure 1 displays a comparison of atomiza-
tion energy deviation from reference CCSD(T)*/CBS for DFT
(blue) and ANI-1ccx (orange) for all conformations in GDB-10to13
within 100 kcal mol−1 of the conformational minima. Compared
with the DFT functional, the ANI-1ccx potential provides a
more accurate prediction of the CCSD(T)*/CBS atomization
energy. The distribution for ANI-1ccx has a standard deviation of
2.3 kcal mol−1, while the DFT distribution is much wider, with a
standard deviation of 6.3 kcal mol−1. The MAD/RMSD for DFT vs.
reference CCSD(T)*/CBS is 15.9/17.1 kcal mol−1, while for ANI-
1ccx it is 1.9/2.5 kcal mol−1. Supplementary Fig. 4 shows an attempt
to correct the systematic shift of the DFT model to the reference
CCSD(T)*/CBS atomization energies via a linear fitting of the
atomic elements in each system. Even after this non-trivial cor-
rection, ANI-1ccx is still more accurate than DFT vs. the more
accurate coupled-cluster atomization energies. The corrected DFT
has a distribution with a standard deviation of 5.5 kcal mol−1 with
MAD/RMSD of 4.9/5.9 kcal mol−1.

Forces. Accurate forces are important for MD simulations and
geometry optimization. Therefore, we explicitly assess force
accuracy as well. It is impractical to obtain forces with the CCSD
(T)*/CBS extrapolation due to extreme computational expense
with existing packages. However, MP2/cc-pVTZ (dubbed here as
MP2/TZ) provides a high-quality alternative. Table 2 compares
MP2/TZ force calculations on the GDB-10to13 benchmark to
MP2/cc-pVDZ (MP2/DZ), ωB97X/6-31G*, ANI-1x, and ANI-

1ccx models. ANI-1ccx provides the best prediction of MP2/TZ
forces compared with all other methods. Notably, ANI-1ccx
forces deviate less from the MP2/TZ target forces than the ori-
ginal ANI-1x DFT trained potential, providing evidence that the
transfer learning process not only corrects energies but forces as
well. Supplementary Fig. 5 also shows a comparison between
ANI-1ccx and experimental results for C-C center of mass radial
distribution functions for cyclohexane.

Reaction and isomerization energy. The HC7/11 and ISOL6
benchmarks address the calculation of reaction and isomerization
energies and are depicted in Fig. 2. For each reaction, reference
energies and calculated energies are provided in Supplementary
Tables 7 and 8. Figure 2 shows the differences between the
computed and the reference energies, for the reaction and iso-
merization energies individually for ωB97X/6-31g*, ANI-1x,
ANI-1ccx, and our CCSD(T)*/CBS. HC7/11 used target MP2/6-
311+G(2df,2p) and ISOL6 used target CCSD(T)-F12a/aug-cc-
pVDZ calculations. The latter is the most accurate simulation
method currently available. As was done in the original bench-
marks, single point energy calculations using all ANI models,
ωB97X, and CCSD(T)*/CBS were performed on the original
benchmark structures. These energies were used to calculate
the reaction energies. For the HC7/11 benchmark, the medium-
sized basis DFT reference ωB97X/6-31g* is not sufficient
for describing the chemistry represented in these complex
hydrocarbon reactions. Likewise, ANI-1x, trained to data from

Table 1 Accuracy in predicting conformer energy differences
on the GDB-10to13 benchmark

ANI-1ccx ANI-1ccx-R ANI-1x ωB97X
MADa 1.46 1.81 1.97 1.42
RMSDa 2.07 2.54 2.79 2.04

aUnits are in kcal mol−1
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Fig. 1 Accuracy in predicting atomization energies. Error of the ANI-1ccx
predicted atomization energy Ea on the GDB-10to13 benchmark relative to
CCSD(T)*/CBS and compared against ωB97X

Table 2 Accuracy for calculating atomic forces on the GDB-
10to13 benchmark

ANI-1ccx ANI-1x ωB97X MP2/DZ

MP2/TZ 3.4/5.3a 4.7/7.1a 3.7/5.9a 4.6/5.9a

aMAE/RMSE in kcal mol−1 Å−1
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their own structures for the final energy calculation, though, such
an exercise would be prohibitively computationally expensive for
the more rigorous QM methods. The ANI and MM models also
carried out restrained optimizations using their own forces. The
MP2 structures are not used here because the usefulness of such
efficient methods can only be gauged without the assistance of
less efficient QM methods. The ANI-1x potential, trained to the
ANI-1x DFT data set plus active learning-based dihedral
corrections, obtains a median MAD of 0.47 kcal mol−1 on the
benchmark. The ANI-1x potential performs similarly to MP2/6-
311+G** and to the ANI-1ccx-R potential. The DFT trained
ANI-1x also outperforms OPLS3, one of the most accurate and
widely used small-molecule force fields available. Further, the
transfer learning-based ANI-1ccx potential achieves a median
MAD of 0.23 kcal mol−1, a 51% reduction in error over ANI-1x
vs. the CCSD(T)/CBS target. ANI-1ccx exceeds the performance
of all DFT (B3LYP-D3/6-311+G**, B3LYP/6-311+G**, and
ωB97X/6-31g*) methods utilized in this study, approaching the
accuracy of higher-level, and costlier, ab initio QM methods
(MP2/CBS and MP2.X/CBS). The ANI-1ccx potential achieves
these prediction accuracies without an increase in computational
cost over the original ANI-1x potential. Results for ANI-1x and
ANI-1ccx before and after active learning for dihedral repar-
ameterization can be found in Supplementary Fig. 1. The dihedral
scans used to compute ANI-1ccx’s error can be found in
Supplementary Fig. 6. Each ANI-1ccx restrained optimization
(averaged over the 36 angles for each of the 45 torsions) took
~0.58 s on a single NVIDIA V100 GPU. A similar timing
comparison was reported in Sellers et al.57 for the QM and MM
methods. Compared with this literature result, the ANI model on
a single GPU is (on average) as fast as OPLS3 on a CPU and
6200 times faster than B3LYP-D3 on a CPU. While a GPU to
CPU comparison with the use of different optimization methods
is not exactly a fair comparison, it does provide a sense of
the computational affordability of the ANI potential. Moreover,
the ANI potential scales more easily than QM, exhibiting
linear scaling (compared with O(N3) for the most efficient QM)
on large systems and a smaller pre-factor and better memory
scaling.

Discussion
Great progress has been made in creating faster and more
accurate QM methods, but even in modern computer archi-
tectures the cost involved in the improved accuracy becomes
prohibitive very quickly. With the advent of machine learning, we
can and must make the leap to modern statistical and data-driven
approaches, which have the potential to drive rapid progress in
drug and materials design as well as applications to natural sys-
tems such as proteins. The ANI-1ccx potential (available at
https://github.com/isayev/ASE_ANI) presented in this work is an
attractive alternative to density functional theory approaches and
standard force fields for conformational searches, molecular
dynamics, and the calculation of reaction energies. The avail-
ability of high-quality QM reference data, produced with a new
extrapolation scheme to CCSD(T)/CBS, allowed us to use transfer
learning techniques to build a chemically accurate universal ANI
potential. Accuracy benchmarks show that the transfer learning-
based ANI-1ccx outperforms DFT on test cases where DFT fails
to accurately describe reaction thermochemistry and on small-
molecule torsion benchmarks. After extensive benchmarking, we
conclude that ANI-1ccx captures a broad range of organic
chemistry, with accuracy comparable to QM calculations at the
coupled-cluster level of theory. Comparisons between transfer
learning and naive training to only the small data set of high-
quality QM calculations show that transfer learning is a superior
approach. As such this work offers a computationally efficient
and accurate ML-based molecular potential for general use across
a broad range of chemical systems.

Future work will aim to validate and retrain (if necessary) the
ANI-1ccx potential for applications in condensed phase simula-
tion. For smaller molecular systems, the ANI-1ccx potential is an
accurate and efficient alternative to expensive QM methods and
might find indirect ways to become applicable in such condensed
phase simulation, e.g., using ANI-1ccx to parametrize force fields
for condensed phase simulation. As with any model, ani-1ccx has
limitations. Some of them can be overcome by adding more data
and through active learning methods and retraining. This cate-
gory includes new and different chemical environments, inter-
molecular interactions, ions, new atomic elements and reactions.
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l Training a single ANI model to the original 5.2 million molecule data set takes ~4 h on a NVIDIA Titan V GPU, 
while retraining to the 500k molecule DLPNO-CCSD(T)/CBS data set takes around 30 min. 
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Heats of Formations for Butane Combustion

M0 = torsscan/m062x/tz, opt/b2plypd3/tz, freq/b2plypd3/tz
M1 = M0, CCSD(T)-F12/cc-pVDZ-F12 
M2 = M0, CCSD(T)-F12/cc-pVDZ-F12 + MP2/cc-pVTZ-F12 – MP2/cc-pVDZ-F12 
M3 = M0, CCSD(T)-F12/cc-pVTZ-F12
M4 = M0, CCSD(T)-F12/cc-pVTZ-F12 + MP2/cc-pVQZ-F12 – MP2/cc-pVTZ-F12  
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M1 0.72 0.84
M2 0.70 0.83
M3 0.47 0.51
M4 0.50 0.58
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• Butane combustion model generated by RMG. 
• Up to 87 electrons, 22 atoms (11 heavy), 6 rotors.

Multiplicity Count MAD (kcal/mol) Rel. Diff. (%)

1 143 1.25 3.37

2 153 2.27 8.70

3 16 2.22 14.14

Comparison of different methods

Comparison of DFT vs ANI results
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l End-to-end continuous filter convolutional neural network that can learn a representation directly 
from atom types and positions.

l Reflects fundamental physical laws including invariance to atom indexing and translation, a smooth 
energy prediction w.r.t. atom positions as well as energy-conservation of the predicted force fields. 

l Can be trained on both energies and forces.
l Predicted energies are rotationally invariant and force predictions are rotationally equivariant.

Figure 1: The discrete filter (left) is not able to capture the subtle positional changes of the atoms
resulting in discontinuous energy predictions Ê (bottom left). The continuous filter captures these
changes and yields smooth energy predictions (bottom right).

discreteness of the one-hot encodings in their input. In contrast, SchNet does not use such features
and yields a continuous potential energy surface by using continuous-filter convolutional layers.

3 Continuous-filter convolutions

In deep learning, convolutional layers operate on discretized signals such as image pixels [22, 23],
video frames [24] or digital audio data [25]. While it is sufficient to define the filter on the same
grid in these cases, this is not possible for unevenly spaced inputs such as the atom positions of a
molecule (see Fig. 1). Other examples include astronomical observations [26], climate data [27]
and the financial market [28]. Commonly, this can be solved by a re-sampling approach defining
a representation on a grid [7, 29, 30]. However, choosing an appropriate interpolation scheme is
a challenge on its own and, possibly, requires a large number of grid points. Therefore, various
extensions of convolutional layers even beyond the Euclidean space exist, e.g., for graphs [31, 32]
and 3d shapes[33]. Analogously, we propose to use continuous filters that are able to handle unevenly
spaced data, in particular, atoms at arbitrary positions.

Given the feature representations of n objects X l = (xl
1, . . . ,x

l
n) with xl

i 2 RF at locations
R = (r1, . . . , rn) with ri 2 RD, the continuous-filter convolutional layer l requires a filter-generating
function

W l : RD ! RF ,

that maps from a position to the corresponding filter values. This constitutes a generalization of a
filter tensor in discrete convolutional layers. As in dynamic filter networks [34], this filter-generating
function is modeled with a neural network. While dynamic filter networks generate weights restricted
to a grid structure, our approach generalizes this to arbitrary position and number of objects. The
output xl+1

i for the convolutional layer at position ri is then given by

xl+1
i = (X l ⇤W l)i =

X

j

xl
j �W l(ri � rj), (2)

where "�" represents the element-wise multiplication. We apply these convolutions feature-wise
for computational efficiency [35]. The interactions between feature maps are handled by separate
object-wise or, specifically, atom-wise layers in SchNet.

4 SchNet

SchNet is designed to learn a representation for the prediction of molecular energies and atomic
forces. It reflects fundamental physical laws including invariance to atom indexing and translation, a
smooth energy prediction w.r.t. atom positions as well as energy-conservation of the predicted force
fields. The energy and force predictions are rotationally invariant and equivariant, respectively.

3

Schütt, K. T.; Kindermans, P.-J.; Sauceda, H. E.; Chmiela, S.; Tkatchenko, A.; Müller, K.-R. SchNet: A Continuous-Filter Convolutional 
Neural Network for Modeling Quantum Interactions. NeurIPS 2017, http://arxiv.org/abs/1706.08566
Schütt, K. T.; Sauceda, H. E.; Kindermans, P. J.; Tkatchenko, A.; Müller, K. R. SchNet - A Deep Learning Architecture for Molecules 
and Materials. J. Chem. Phys. 2018, 148 (24).
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l Atom embedding:
l Atoms are represented using a tuple of 

features:

l F: number of features
l l: layer index
l n: number of atoms

l Atom-wise layer:
l Dense layers that are applied separately to 

the representations:

l Interaction layers: 
l Add refinements to the atom representation 

based on pairwise interactions with the 
surrounding atoms. 

Figure 2: Illustration of SchNet with an architectural overview (left), the interaction block (middle)
and the continuous-filter convolution with filter-generating network (right). The shifted softplus is
defined as ssp(x) = ln(0.5ex + 0.5).

4.1 Architecture

Fig. 2 shows an overview of the SchNet architecture. At each layer, the molecule is represented atom-
wise analogous to pixels in an image. Interactions between atoms are modeled by the three interaction
blocks. The final prediction is obtained after atom-wise updates of the feature representation and
pooling of the resulting atom-wise energy. In the following, we discuss the different components of
the network.

Molecular representation A molecule in a certain conformation can be described uniquely by a set
of n atoms with nuclear charges Z = (Z1, . . . , Zn) and atomic positions R = (r1, . . . rn). Through
the layers of the neural network, we represent the atoms using a tuple of features X l = (xl

1, . . .x
l
n),

with xl
i 2 RF with the number of feature maps F , the number of atoms n and the current layer l. The

representation of atom i is initialized using an embedding dependent on the atom type Zi:

x0
i = aZi . (3)

The atom type embeddings aZ are initialized randomly and optimized during training.

Atom-wise layers A recurring building block in our architecture are atom-wise layers. These are
dense layers that are applied separately to the representation xl

i of atom i:

xl+1
i = W lxl

i + bl

These layers is responsible for the recombination of feature maps. Since weights are shared across
atoms, our architecture remains scalable with respect to the size of the molecule.

Interaction The interaction blocks, as shown in Fig. 2 (middle), are responsible for updating the
atomic representations based on the molecular geometry R = (r1, . . . rn). We keep the number of
feature maps constant at F = 64 throughout the interaction part of the network. In contrast to MPNN
and DTNN, we do not use weight sharing across multiple interaction blocks.

The blocks use a residual connection inspired by ResNet [36]:

xl+1
i = xl

i + vl
i.

As shown in the interaction block in Fig. 2, the residual vl
i is computed through an atom-wise layer,

an interatomic continuous-filter convolution (cfconv) followed by two more atom-wise layers with a
softplus non-linearity in between. This allows for a flexible residual that incorporates interactions
between atoms and feature maps.
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28networks used in Behler−Parrinello models. These features are
also advantageous for learning molecular forces for which
derivatives of the energy prediction are required for training. A
good example are the results obtained for the molecules
malonaldehyde and acetylsalicylic acid taken from the MD17
dataset. Here, SchNet outperforms the other models, even on
small training sets. SchNet achieves chemically accurate
performance for datasets containing a wealth of different
molecular configurations (ANI-1), as well as for compounds
incorporating a wide range of chemical elements, demonstrat-
ing its high utility.

The prime advantage of Behler−Parrinello models is their
reduced computational cost, compared to SchNet, which is
expected to be beneficial, e.g., for molecular dynamics
simulations of large molecules. Moreover, note that all ACSF
and wACSF models presented here use the empirical scheme
introduced in ref 24. Their performance can be improved by
careful fine-tuning of the descriptors. However, such a
procedure is typically tedious, especially considering the
excellent out of the box performance of SchNet.
An interesting effect can be observed when comparing the

performance of standard ACSFs to the recently suggested

Table 1. Summary of Performance on Test Seta

property unit model MAE RMSE time

Dataset: Malondialdehyde (N = 1k)
energy kcal mol−1 SchNet 0.08 0.11 2.5 h
energy kcal mol−1 ACSF 0.30 0.40 0.6 h
energy kcal mol−1 wACSF 1.16 1.52 0.6 h

atomic forces kcal mol−1 Å−1 SchNet 0.13 0.16 2.5 h
atomic forces kcal mol−1 Å−1 ACSF 1.08 1.59 0.6 h
atomic forces kcal mol−1 Å−1 wACSF 3.27 4.53 0.6 h

Dataset: Malondialdehyde (N = 50k)
energy kcal mol−1 SchNet 0.07 0.09 13.5 h
energy kcal mol−1 ACSF 0.09 0.11 6 h
energy kcal mol−1 wACSF 0.69 0.88 6 h

atomic forces kcal mol−1 Å−1 SchNet 0.05 0.09 13.5 h
atomic forces kcal mol−1 Å−1 ACSF 0.26 0.42 6 h
atomic forces kcal mol−1 Å−1 wACSF 1.84 2.51 6 h

Dataset: Acetylsalicylic Acid (N = 1k)
energy kcal mol−1 SchNet 0.38 0.52 2.5 h
energy kcal mol−1 ACSF 0.79 1.03 0.7 h
energy kcal mol−1 wACSF 2.11 2.69 0.7 h

atomic forces kcal mol−1 Å−1 SchNet 1.17 1.68 2.5 h
atomic forces kcal mol−1 Å−1 ACSF 1.92 2.75 0.7 h
atomic forces kcal mol−1 Å−1 wACSF 4.80 6.81 0.7 h

Dataset: Acetylsalicylic acid (N = 50k)
energy kcal mol−1 SchNet 0.11 0.14 2 d, 11.5 h
energy kcal mol−1 ACSF 0.40 0.53 1 d, 6 h
energy kcal mol−1 wACSF 1.20 2.69 1 d, 6 h

atomic forces kcal mol−1 Å−1 SchNet 0.14 0.19 2 d, 11.5 h
atomic forces kcal mol−1 Å−1 ACSF 0.88 1.26 1 d, 6 h
atomic forces kcal mol−1 Å−1 wACSF 2.31 3.14 1 d, 6 h

Dataset: QM9 (N = 110k)
U0 kcal mol−1 SchNet 0.26 0.54 12 h
U0 kcal mol−1 ACSF 0.49 0.92 8 h
U0 kcal mol−1 wACSF 0.43 0.81 6 h

dipole moment Debye SchNet 0.020 0.038 13 h
dipole moment Debye ACSF 0.064 0.100 8 h
dipole moment Debye wACSF 0.064 0.095 8 h

Dataset: ANI-1 (N = 10.1M)
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networks used in Behler−Parrinello models. These features are
also advantageous for learning molecular forces for which
derivatives of the energy prediction are required for training. A
good example are the results obtained for the molecules
malonaldehyde and acetylsalicylic acid taken from the MD17
dataset. Here, SchNet outperforms the other models, even on
small training sets. SchNet achieves chemically accurate
performance for datasets containing a wealth of different
molecular configurations (ANI-1), as well as for compounds
incorporating a wide range of chemical elements, demonstrat-
ing its high utility.

The prime advantage of Behler−Parrinello models is their
reduced computational cost, compared to SchNet, which is
expected to be beneficial, e.g., for molecular dynamics
simulations of large molecules. Moreover, note that all ACSF
and wACSF models presented here use the empirical scheme
introduced in ref 24. Their performance can be improved by
careful fine-tuning of the descriptors. However, such a
procedure is typically tedious, especially considering the
excellent out of the box performance of SchNet.
An interesting effect can be observed when comparing the

performance of standard ACSFs to the recently suggested
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modeling functions in the context of chemistry and physics, as a
preparation for subsequent sections of this review. A glossary of
the most important terms is provided in Table 1.
Inferring a continuous function from a set of individual

(observed or computed) data points is a common task in
scientific research. Depending on the prior knowledge of the
process that underlies the observations, a wide range of
approaches are available. If there exists a plausible model that
can be translated to a closed functional formula, parametric
fitting is most suitable, as limited data are often sufficient to
estimate the unknown parameters. Examples include the
interaction of real (nonideal) gas particles, the Arrhenius
equation, or, closer to the topic of the present review, the r−6

decay of the long-range tail of the van der Waals dispersion
interaction.
In practice, not all processes can be modeled well by simple

expressions. Structure−property relations, kinetics of biomo-
lecular reactions, and quantum many-body interactions are
examples of observable outcomes that depend on input variables
in a complex, not easily separable way, because of the presence of
hidden variables. Instead of trying to understand this depend-
ence analytically, one may set out to describe it purely based on
existing data and observations. Interpolation and regression
techniques provide tools to fill in the space between data points,
resulting in a continuous function representation which, once
established, can be used in further work. Linear interpolation
and cubic splines are widely used examples of thesemethods, but
they are limited to low-dimensional data and cases where there is
little noise in the observations. With more than a few variables, it
becomes exponentially more difficult to collect sufficient data for
the uniform coverage that is required by these methods. As
interpolation techniques are inherently local, noise in observa-
tions is not averaged out over a larger domain, meaning that
these approaches tend to be less tolerant to uncertainty in the
data.
From the practitioner’s point of view, GPR is a nonlinear,

nonparametric regression tool, useful for interpolating between

data points scattered in a high-dimensional input space. It is
based on Bayesian probability theory and has very close
connections to other regression techniques, such as kernel
ridge regression (KRR) and linear regression with radial basis
functions. In the following, we will discuss how these methods
are related.
Nonparametric regression does not assume an ansatz or a

closed functional form, nor does it try to explain the process
underlying the data using theoretical considerations. Instead, we
rely on a large amount of data to fit a flexible function with which
predictions can be made; this is what we call “machine learning”.
GPR provides a solution to the modeling problem such that

the locality of the interpolation may be explicitly and
quantitatively controlled, by encoding it in the a priori
assumption of smoothness of the underlying function. To
introduce GPR, we consider a smooth, regular function, y(x),
which takes a d-dimensional vector as input and maps it onto a
single scalar value:

5 5y : d → (1)

We do not know the functional form of y, but we have made N
independent observations, yn , of its value at the locations xn ,
resulting in a dataset,

yx ;n n n
N

1+ = { } = (2)

We can consider the observations, yn to be samples of y(x) at the
given location, which may contain observation noise. The goal is
now to use these data values to create an estimator that can
predict the continuous function y(x) at arbitrary locations x and
also to quantify the uncertainty (“expected error”) of this
prediction.
There are two equivalent approaches to deriving the GPR

framework: the weight-space and the function-space views, each
highlighting somewhat different aspects of the fitting process.39

We provide both derivations in the following.

Figure 1. Overview of central concepts in Gaussian process regression (GPR) machine-learning models of atomistic properties. Left: The models
discussed in the present review are based on atomistic structure, and therefore, they require a suitable representation of atomic environments up to a
cutoff. The neighborhood is “encoded” using a descriptor vector, ξ, and a kernel function, k, which is used to evaluate the similarity of two atomic
environments. Center: In the regression task, the goal is to infer an unknown function from a limited number of observations or input data (section 2).
The result, in GPR, is a function with quantifiable uncertainty. Right: Applications of GPR. There are two main classes within the scope of the present
review. The first class of applications is the fitting of atomic properties (section 3): these can be scalar, such as the isotropic chemical shift in NMR, δiso,
or vectors or higher-order tensors, such as the polarizability, α. The second class of applications is the construction of interatomic potentials or force
fields (section 4), which describe atomic energies, εi , as well as interatomic forces, Fi. All these properties are fitted as functions of the descriptor, ξ. The
drawings on the left are adapted from ref 18. Adapted by permission of The Royal Society of Chemistry. Copyright 2020 The Royal Society of
Chemistry.
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Thermal Expansion
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l Change in temperature results in change in volume under constant pressure.
l Consequence of anharmonicity, no thermal expansion in harmonic approximation.
l Thermal expansion coefficient is a measure of the volume change of a material in 

response to a temperature change. 

𝛼 =
1
𝑉

𝜕𝑉
𝜕𝑇 !
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l Graphene has a negative TEC, but there is an 
uncertainty on the details of the temperature 
dependence.

l Computing TEC is difficult since it requires 
incorporating anharmonic effects with large 
supercell simulations.

l One can compute TEC with three different methods: 
l Quasi Harmonic Approximation (QHA) 
l Grüneisen parameters 
l Molecular Dynamics

l We tested two different GAP potentials and 
compared them with DFT calculations. GAP17 
trained for Graphene only, GAP20 trained for all 
Carbon allotropes.

Plot from Mann, Kumar and Jindal RSC Adv., 2017, 7, 22378.
Collaboration with İlker Demiroğlu, Yenal Karaaslan, Tuğbey Kocabaş, and Cem Sevik from 
Eskisehir Technical University in Turkey and Álvaro Vázquez-Mayagoitia.

measurements by ref. 12 are very close and ref. 17 are very much
off to experimental value of LTEC. The reasons for this
disagreement have been attributed to nite size effect incor-
porated by ref. 17. To analyze it further, we present partial
contributions to LTEC arising from each branch separately as
the phonon branch ZA in particular has large negative
Grüneisen parameters and must be visualized separately.
Fig. 3(b) shows the branch dependent LTEC which clearly chows
that thermal expansion of graphene is negative only due to
presence of large negative Grüneisen parameters corresponding
to ZA branch. Here we have made use of eqn (8) to calculate
branch dependent thermal expansion. The dominant contri-
bution to thermal expansion in graphene is from ZA branch
which is negative. The overall thermal expansion is negative due
to dominant effect of ZA branch compared to other branches.
The experimental data reported here is from three sources18–20 –
all obtaining it from the shi in 2D peak and exploiting thermal
expansion as responsible for the shi. However in the small
domain of overlap of three measurements i.e. around 300–400
K, there is no agreement between the three. In the high
temperature limit above RT our results show a reasonably good
agreement with the experimental data. It may be possible that
Grüneisen parameter depends on temperature but there is no
theoretical or experimental estimate of dependence of
Grüneisen parameters on temperature. This assumption intro-
duces uncertainty in estimation of thermal expansion.

3.2 Doped graphene

Since the B (N) doped structures are stable upto 25% doping,26

we have done the quasiharmonic study for two cases only i.e.
12.5% and 25% The atomic congurations corresponding to
doped sheet is shown in Fig. 4.

We have also considered the minimum doping congura-
tion. The minimum doping can be one atom in a sheet of 32
atoms i.e. 3.125% in this case. But the conguration with low
doping i.e. 1/2/3 atoms in a sheet is also thermodynamically

unstable where almost all of the ZA mode frequencies are
imaginary for boron doping and half of ZA frequencies are
imaginary for nitrogen doping, as doping of B atoms introduces
more lattice mismatch compared to N atoms doping which
makes the structure thermodynamically more unstable. Thus
considering one, two or three atoms doping in a hexagonal ring
gives the thermodynamically unstable structures. We nally
studied thermal expansion in only above two thermodynami-
cally stable structures as already reported in our previous
studies.26

3.2.1 N-Doping. Thermal expansion coefficient has been
calculated for the doped structure for different congurations
and compared with that of pure graphene as shown in Fig. 5.
There is lowering of LTEC value with increasing doping
concentration with a RT value of!8.19" 10!6 for 12.5% doping
and !9.66 " 10!6 for 25% doping. The large increase in nega-
tive value of thermal expansion with doping is primarily con-
cerned with the ZA branch (similar to that shown earlier for
pure graphene in Fig. 3(b)) which has more negative Grüneisen
parameters near G point as low as!150 and!200 for 12.5% and
25% N doped sheets respectively. The surface bulk modulus
values of doped sheets are also depicted using E–V curve to be
106.32 N m!1 and 97.2 N m!1 for 12.5% and 25% N doped
sheets respectively. It has been shown in an earlier research
paper that bulk modulus value of N doped graphene increases

Fig. 3 (a) Theoretical linear thermal expansion coefficient a of single layer graphene plotted as a function of temperature and compared with
experimental data18 (black squares),19 (red circles) and20 (green triangles) and theoretical measurements10 (green dots),13 (red dash line),12 (blue
dash dot line) and17 (cyan dash dot dot line). (b) Branch dependent thermal expansion coefficient (total-black solid line, ZA mode contribution –
red dash line and all except ZA contribution – blue dash dot line) compared with experimental data20 shown by green squares in the curve.

Fig. 4 Schematic diagrams of (a) 12.5% and (b) 25% doping
concentrations.
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Phonon Dispersion Curves with DFT and GAP
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that use empirically parameterized interatomic potentials,
which allow large system sizes, are also used to determine
the TEC of graphene.23−26 For example, in calculations made
using atomistic Monte Carlo simulations by Zakharchenko et
al.,23 the TEC of graphene exhibits a crossover from negative
to positive near 900 K and an average value of −4.8 × 10−6 K−1

at a temperature of 300 K. Moreover, using Monte Carlo
simulations, Magnin et al.26 carried out MD calculations with
several potentials covering empirical to semiempirical bond-
order types, as well as a model based on tight-binding theory.
However, they reported that the TEC resulting from these
variations remains positive below 2000 K, unlike existing
experimental measurements.8−11 This is probably because the
empirical interatomic potentials are not usually sufficiently
accurate and transferable to describe other physical properties
of the material in question simultaneously other than the
property they were built in for. For more accurate calculations,
we need quantum mechanical description in MD simulations;
however, these types of calculations are computationally very
demanding and limited by reduced system sizes.
Nowadays, it is claimed that the interatomic interactions can

be defined with high accuracy, thanks to the machine learning
potentials such as neural network potentials,31 Gaussian
approximation potential (GAP),32 spectral neighbor analysis
potential,33 and moment tensor potentials.34 Consequently,
more accurate results can be obtained theoretically for the
properties of the materials, such as TEC, which usually
requires simulating large system sizes. For the last few years,
different working groups have started developing machine
learning potentials for graphene.35−41 However, it is still not
clear whether these machine learning potentials could reach
the accuracy required for thermal properties. In this context,
we discuss the efficiency of one of the promising machine
learning potentials developed for graphene by Rowe et al.35

based on the GAP method. This potential reproduces the
accuracy of ab initio density functional theory (DFT)
calculations better than the more recent GAP potential36

trained to a variety of carbon structures. For this purpose, we
conducted lattice dynamics and molecular dynamics calcu-
lations to estimate TEC of graphene.

■ METHODS
In this article, we estimate the TEC of graphene by three
different methods: (I) quasi-harmonic approximation (QHA)
by minimizing Helmholtz energies at corresponding temper-
atures, (II) Grüneisen framework by calculating mode-
dependent Grüneisen parameters, and (III) molecular dynamic
(MD) simulations by comparing the in-plane area on different
temperature runs. All calculations were done with two GAP
models for carbon (denoted GAP17 and GAP20) and
Perdew−Burke−Ernzerhof (PBE) exchange−correlation DFT
functional as their energy basis for comparison. The details of
the GAP models were taken from ref 35 (GAP17) and ref 36
(GAP20), and the parameter files of both models were
available at http://www.libatoms.org (visited in August 2020).
For DFT calculations, local density approximation42 and
projector augmented wave43,44 methods are used together with
a 500 eV plane-wave basis cutoff energy within the Vienna Ab
initio Simulation Package (VASP).45,46 The PHONOPY
code47 is used extensively for the vibrational analysis together
with in-house codes to further analysis and fitting. In the part
of QHA and Grüneisen framework, an 8 × 8 × 1 conventional
supercell structure and a 4 × 4 × 1 Γ centered k-points grid

were considered. The MD simulations with GAP models were
performed using the large-scale atomic/molecular massively
parallel simulator (LAMMPS),48,49 with 5 × 105 time steps
(time step = 0.5 fs) in NPT ensemble. The first 50 ps was
considered as the process of reaching the thermal equilibrium,
and the TEC calculations were carried out over the last 200 ps.
The MD simulations for graphene structures were performed
in three-dimensional (3D) box-type simulation cells containing
448, 1008, 2232, 4032, and 6240 atoms, with widths
approximately 3.4, 5.1, 7.6, 10.3, and 12.8 nm, respectively.
In the z-direction, 2 nm vacuum space is used to eliminate
spurious periodic interactions. Isothermal−isobaric (NPT)50,51
ensembles have been selected for ab initio molecular
dynamics52,53 (MD) simulations as well. All ab initio MD
simulations lasted at least 8 ps with a time step of 1 fs. In all
NPT MD simulations, x ⃗ and y ⃗ vectors are relaxed seperately,
while the z ⃗ axis is kept fixed.

■ RESULTS AND DISCUSSION
The calculated phonon dispersion relations given in Figure 1a
show that both GAP models match qualitatively well with the
DFT. There is a good overlap of acoustic modes while the
optic modes deviate slightly. Quantitatively, the average

Figure 1. (a) Phonon dispersion relations of relaxed graphene
monolayers by DFT, GAP17, and GAP20 models. (b) Phonon
dispersion relations of relaxed, 1% strained, and 1% compressed
graphene monolayers by GAP17 model compared to DFT. Dashed
lines show the corrected phonon curves of the compressed case.
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■ CONCLUSIONS
In summary, in this study, we investigated the accuracy of the
machine learning GAP models in the TEC estimation of
graphene. The one-to-one comparison of phonon frequencies
hints that the GAP model catches the lattice dynamics of
graphene very well, especially with the GAP17 model. Thus,
the TEC estimation from the Grüneisen framework is the
closest to the DFT calculated value. On the other hand, there
are larger differences in QHA due to the nonlinear behavior of
the vibrational frequencies at the limits in the selected strain
range. The molecular dynamical simulations show that the
GAP17 model captures the origin of the thermal expansion

similar to the DFT-level calculations. The negative thermal
expansion is associated with the rippling behavior caused by
the out-of-plane vibrations (ZA mode) as the C−C bond
lengths increase with increasing temperature.
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Figure 4. (a) Side view of graphene monolayer within an MD frame
demonstrating the rippling behavior. (b) Structural analysis of 6240-
atom graphene system obtained from MD simulations with the
GAP17 model. The bond length distribution is given in the horizontal
axis, while the position distribution on the z-axis is given in the
vertical axis against the number of occurrences. (c) Normalized bond
length versus temperature and rippling width versus temperature
graphs of graphene obtained from MD simulations. Rippling width is
calculated as 2σ from the standard deviation of the position
distribution on thhe z-axis, and the bond lengths are normalized
using the bond length of the relaxed system (d0).

Table 1. Average Simulation Times for Simulations
Performed with GAP Models and DFT on the Same
Computer Architecture

method system size
no. of
steps no. of CPU

total
time
(h)

time per
step (s)

DFT 112 atom 10 000 28 (1 node) 71 26
DFT 240 atom 10 000 56 (2 nodes) 170 61
DFT 336 atom 10 000 84 (3 nodes) 293 106
DFT 448 atom 10 000 112 (4 nodes) 574 207
GAP 448 atom 500 000 28 (1 node) 18 0.2
GAP 1008 atom 500 000 28 (1 node) 38 0.4
GAP 2232 atom 500 000 28 (1 node) 84 0.7
GAP 4032 atom 500 000 28 (1 node) 150 1.1
GAP 6240 atom 500 000 28 (1 node) 240 1.7

The Journal of Physical Chemistry C pubs.acs.org/JPCC Article

https://doi.org/10.1021/acs.jpcc.1c01888
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MAD (meV) MAX (meV)

GAP17 2.73 8.05

GAP20 4.14 13.03
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Conclusions and Outlook
• Gaussian approximation and neural network potentials are very 

promising candidates to accelerate material science simulations and 
extend the domain of predictive simulations.

• The field is growing rapidly in terms of method and code development, 
but applications to challenging problems are still rare.

• Predicting properties directly or using RL to design materials are other 
promising application

• Challenges and opportunities:
• More accurate and diverse data sets are required for training. 
• Automating the workflow for sampling, neural architecture search, 

hyperparameter optimization, and training.
• Number of different elements that can be trained is still limited
• Modeling long-range interactions
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Recommendations
• Master python

• numpy, scipy for numerical methods
• pandas, scikit-learn for data analysis and ML
• TensorFlow or PyTorch for deep learning
• ASE for atomistic simulations
• Open Babel, RDKit for cheminformatics
• DScribe for descriptors

• Many free resources online to learn ML. Kaggle competitions can be fun.
• Use Jupyter Lab/Notebook for testing, data visualization, and code development
• Use a computer with GPU for training & inference with DL models
• Open a GitHub account and actively use it for code development
• When you are stuck don’t be shy to post questions on GitHub issues or 

StackOverflow. Provide a minimal example to reproduce your problem.
• Visual Studio Code is a smart IDE that can help with code development
• Learn using Docker to easily deploy different applications.



THANK YOU!
QUESTIONS OR COMMENTS?

https://keceli.github.io/
https://github.com/keceli/
twitter @ hpc4science

https://keceli.github.io/
https://github.com/keceli/


What is Machine Learning?
l AI is defined broadly as the study of systems that can perceive their environment and take 

actions to achieve their goals.
l Formal design of Turing-complete artificial neurons by McCullouch and Pitts in 1943 is 

considered as the first AI work.
l ML is the study of models that can learn patterns from data and make predictions without 

being explicitly programmed. 
l Original definition by Arthur Samuel in 1959.

AlphaZero, 2017Deep Blue, 1996The Turk, 1770
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Deeper
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l The number of ACSFs grows quadratically with the number of 
different chemical species. This can lead to an impractical number of 
ACSFs for systems containing more than four elements.

l wACSFs introduce weight functions that depend on element type to 
circumvent this problem.

Radial ACSFs:                          Radial wACSFs:

THE JOURNAL OF CHEMICAL PHYSICS 148, 241709 (2018)

wACSF—Weighted atom-centered symmetry functions
as descriptors in machine learning potentials

M. Gastegger, L. Schwiedrzik, M. Bittermann, F. Berzsenyi, and P. Marquetanda)
Institute of Theoretical Chemistry, Faculty of Chemistry, University of Vienna,
Währinger Str. 17, 1090 Vienna, Austria

(Received 15 December 2017; accepted 29 January 2018; published online 15 March 2018)

We introduce weighted atom-centered symmetry functions (wACSFs) as descriptors of a chemical
system’s geometry for use in the prediction of chemical properties such as enthalpies or potential
energies via machine learning. The wACSFs are based on conventional atom-centered symmetry
functions (ACSFs) but overcome the undesirable scaling of the latter with an increasing number of
different elements in a chemical system. The performance of these two descriptors is compared using
them as inputs in high-dimensional neural network potentials (HDNNPs), employing the molecular
structures and associated enthalpies of the 133 855 molecules containing up to five different elements
reported in the QM9 database as reference data. A substantially smaller number of wACSFs than
ACSFs is needed to obtain a comparable spatial resolution of the molecular structures. At the same
time, this smaller set of wACSFs leads to a significantly better generalization performance in the
machine learning potential than the large set of conventional ACSFs. Furthermore, we show that the
intrinsic parameters of the descriptors can in principle be optimized with a genetic algorithm in a highly
automated manner. For the wACSFs employed here, we find however that using a simple empirical
parametrization scheme is sufficient in order to obtain HDNNPs with high accuracy. Published by
AIP Publishing. https://doi.org/10.1063/1.5019667

I. INTRODUCTION

The use of machine learning in quantum chemistry is cur-
rently trending.1–16 One important domain is the description of
interatomic interactions by machine learning potentials,15,16

which fit highly nonlinear analytical expressions to the ref-
erence data obtained from electronic structure calculations.
These machine learning potentials offer the advantage of high
accuracy on par with ab initio methods and the ability to
describe, e.g., bond breaking and bond formation at a speed
on par with classical force fields.5

Not only potential energies but also other molecular prop-
erties, like atomization energies17 or dipole moments,18 can be
easily modeled with such machine learning approaches. The
applications are manifold, reaching from material design2 and
scattering simulations19 to the calculation of infrared spec-
tra.18 Different machine learning variants for these targets
can be found in the literature, with artificial neural networks
(NNs)19,20 and kernel-ridge regression17,21 being prominent
examples. The common theme between electronic structure
theory and these methods is that they take a molecular geome-
try as the input and produce a molecular property as the output.
Since the electronic structure methods intrinsically contain
the translational and rotational invariance of the electronic
energies, it is advantageous to include this feature also in the
machine learning methods.

The roto-translational invariance in the machine learn-
ing potentials is often achieved by a preprocessing step. The

a)Electronic mail: philipp.marquetand@univie.ac.at. URL: http://www.
marquetand.net.

molecular geometries typically described in Cartesian coordi-
nates are then transformed into other descriptors, i.e., other
representations of the molecular structure. Not only roto-
translational invariance can be achieved in this way but also
other advantageous traits can be introduced, e.g., introducing
cutoffs in order to restrict calculations to a certain spatial region
of the investigated system and achieve a linear scaling behavior
in the computational approach. There are infinite possibilities
for defining such descriptors, and the suitability of a descrip-
tor may depend drastically on the machine learning model it
is combined with.22 Accordingly, many different descriptors
have been developed already, but the search for better repre-
sentations of molecular or condensed systems is a topic that
is still gaining in attention. The existing models have been
developed for neural networks or for kernel approaches (like
kernel-ridge regression, support vector machines, or Gaussian
approximation potentials). In principle, all these descriptors
could be used in the kernel approaches, but not all of them
are directly suited for neural networks; see below. In the fol-
lowing, we will discuss these developments in chronological
order, without claiming to provide an exhaustive list. Note that
in neighboring fields like quantitative structure-activity rela-
tionship (QSAR) research, a multitude of descriptors have been
employed already for many years, comprehensively compiled,
e.g., in Ref. 23.

One of the obvious choices to obtain rotational and trans-
lational invariance in the descriptor is the use of internal
coordinates, which have been adopted in early neural net-
work implementations.24–26 In 2007, Behler and Parrinello
developed the so-called high-dimensional neural network
potentials (HDNNPs), and an important ingredient in these
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HDNNs are descriptors termed atom-centered symmetry func-
tions (ACSFs), which are many-body functions based on
radial and angular distribution functions.27,28 Rupp et al. used
kernel-ridge regression to model atomization energies with a
Coulomb matrix as the descriptor, where the off-diagonal ele-
ments contain the Coulomb repulsion between two atoms and
the diagonal elements correspond to a polynomial fit of atomic
energies to a nuclear charge.17 Another notable descriptor is
the smooth overlap of atomic positions (SOAP),29 which is
an expansion of a local environment into spherical harmon-
ics with atomic neighborhood densities and has been used
in Gaussian approximation potentials,30 but cannot directly
be employed, e.g., in neural networks because it intrinsi-
cally contains a similarity measure between atomic neighbor-
hoods. A descriptor employed by Kandathil et al. is termed
atomic local frame (ALF), where a spherical polar coordinate-
frame centered on an atom of interest, defined as the x-axis
of the system, and the xy-plane, defined by selected, sur-
rounding atoms.31 Other descriptors include a bispectrum,29

metric fingerprints,32 partial radial distribution functions,33

internal representations based on force vectors,34 Fourier
series of radial distribution functions,21 bag of bonds,35 graph
fingerprints,36 permutation invariant polynomials,19 many-
body expansions,37 modified ACSFs,38 descriptors with con-
stant complexity,39 spherical harmonics,40 simple elemental
descriptors,41 graph-based descriptors derived from SOAP,42

atomic density basis,43 and histograms of distances, angles, or
dihedrals.22

These descriptors usually contain adjustable parameters
like, e.g., the width of a Gaussian, which need to be predefined
before the final representation is used as an input in the machine
learning approach. Finding an optimal set of these parameters
is a nontrivial problem and new approaches try to incorporate
this task directly into the machine learning method.44–46 Some
transformations are still done before a representation of the
system’s geometry is used in these methods, but the general
approach is promising.

In the present work, we adopt an alternative approach and
first develop a new descriptor variant—based on ACSFs but
overcoming their undesirable scaling with the number of dif-
ferent chemical elements—and afterwards optimize the intrin-
sic parameters with a genetic algorithm (GA). The remainder
of this work is structured as follows: In Sec. II, the theoreti-
cal background and the newly introduced descriptor, termed
weighted atom-centered symmetry function (wACSF), are
presented. Computational details are given in Sec. III. The
wACSFs are applied in the prediction of enthalpies as com-
prised in the QM9 database47 and the results are discussed
in Sec. IV. Specifically, the wACSFs are compared to ACSFs
(Sec. IV A), the influence of the parameters inherent to the
descriptors is illustrated (Sec. IV B), and their optimization
with a genetic algorithm is presented (Sec. IV D), before
summarizing the findings (Sec. V).

II. THEORY
A. High-dimension neural network potentials

HDNNPs are a type of atomistic machine learning poten-
tials developed by Behler and Parrinello.27 In HDNNPs, a

molecular property (e.g., potential energies, enthalpies) is
obtained as the sum of individual atomic contributions. These
contributions depend on the local chemical environment of
each atom and are modeled by artificial neural networks48

(NNs). Typically, a separate NN is used for every different
chemical element present in the system under investigation. An
important feature of HDNNPs—and atomic machine learning
potentials in general—is the way the local atomic environ-
ments are represented. The three-dimensional structure of a
molecule is encoded in the form of special atom-centered
descriptors which serve as inputs for the different elemental
NNs. These descriptors, as well as their influence on the overall
quality of HDNNP models, are the focus of the present study
and will be discussed in more detail in Secs. II B and II C.
For an in-depth description of HDNNPs, we refer to Refs. 1
and 3.

B. Atom-centered symmetry functions

The primary type of descriptors used in HDNNPs is the
aforementioned ACSFs.28 ACSFs model the local chemical
environment of an atom i via radial and angular distributions
of the surrounding nuclei.

Radial ACSFs take the form

Grad
i =

NX

j,i

e�⌘(rij�µ)2
fc(rij), (1)

where N is the number of atoms and rij is the distance between
the atoms i and j. ⌘ and µ are the parameters modulating the
width and position of the Gaussian function (Fig. 1). A cutoff
function f c ensures that only the energetically relevant regions
close to the central nucleus are encoded in the ACSF. The most
widely used cutoff function in the context of ACSFs is defined
as

FIG. 1. Examples for the influence of the parameters ⌘ and µ on the overall
shape of the Gaussian functions used in ACSFs and wACSFs. The upper panel
shows Gaussians with µ = 0 using different widths ⌘. In the lower panel, the
width is kept constant and only the centers are shifted by varying µ. The cutoff
function f c controlling the overall region described by the function is depicted
as a dashed, gray curve in both cases.
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where rc is the cutoff radius specifying the size of the region
surrounding the central atom (see Fig. 1).

Symmetry functions describing the angular environment
take on a slightly more elaborate form

Gang
i = 21�⇣

NX

j,i

NX

k,i,j

⇣
1 + � cos ✓ijk

⌘⇣

⇥ e�⌘(rij�µ)2
e�⌘(rik�µ)2

e�⌘(rjk�µ)2
fijfik fjk . (3)

Here, ✓ijk is the angle spanned by the atoms i, j, and k. The
term in brackets characterizes the distribution of angles. �
is a parameter which takes the values � = ±1 and shifts the
maximum of the angular term between 0� and 180�, while
⇣ controls its width (Fig. 2). f ij, f ik , and f jk are once again
cutoff functions, where we have introduced the shorthand
notation fc(rij) = f ij. The introduction of terms based on rjk
introduces asymmetric behavior into the angular functions,
leading to a smaller spatial extent for angles close to 180� (see
Fig. 2).

In order to describe the arrangement of different chemi-
cal elements surrounding the central atom, ACSFs are defined
for pairs (radial) and triples (angular) of elements. Only terms
corresponding to these specific combinations of elements are
counted in the summations in Eqs. (1) and (3). For example,
if a molecular system contains the elements H, C, and O, the
environment of a hydrogen atom would be described by a set of
radial functions for the pairs H–H, H–C, and H–O and angular
functions for the triples H–H–H, H–H–C, H–H–O, H–C–C,
H–C–O, and H–O–O. For each of these elemental combina-
tions, several ACSFs are introduced, respectively, varying in
their parameters ⌘, µ, �, and ⇣ (using, e.g., a set of ACSFs
with Gaussians of different widths ⌘ to describe H–C dis-
tances). This is done in order to provide a sufficient spatial

FIG. 2. Polar plots depicting the influence of the parameters � and ⇣ on
a single term of the sum in Eq. (3). All Gaussian functions are set to
⌘ = 0.01. Changing the sign of the phase �moves the maximum of the angular
density between 0� and 180�. Increasing the parameter ⇣ focuses the function
on a smaller range of angles close to the respective maxima. Although the
top and bottom rows differ only in �, a smaller spatial extent is observed for
functions peaking at 180� compared to those with a maximum at 0�. This
asymmetric behavior is due to the terms depending on rjk introduced in the
angular descriptor.

resolution of all surrounding geometric features. Finally, all
these sets of radial and angular ACSFs are collected into a
descriptor vector encoding the chemical environment of the
central nucleus, based on which the elemental NNs make their
predictions.

While ACSFs show an excellent performance for a wide
range of systems, serious problems arise for molecules com-
posed of several different chemical species. Due to the way
ACSFs are defined for combinations of elements, the number
of functions necessary to describe a system depends directly
on the number of elements Nelem present. To account for every
possible pair and triple, Nelem radial and Nelem(Nelem + 1)
angular symmetry functions are necessary [using two sets
of angular functions with � = ±1 for all 1

2 Nelem(Nelem + 1)
unique pairs of neighbors since angular functions are inde-
pendent of the order in which elements appear]. This number
grows quickly, as the chemical composition of the molecules
to be modeled increases in complexity. While systems con-
taining, e.g., two elements can be described with eight unique
combinations of ACSFs, 24 or 35 combinations are necessary
when changing to four or five elements, respectively. Although
these numbers might seem small at a first glance, they only
account for all possible combinations of elements. In order to
achieve a reasonable spatial resolution, several ACSFs are nec-
essary for each of these combinations, further amplifying the
undesirable scaling with Nelem. Continuing the above exam-
ple, descriptor vectors of the lengths 40 (two elements), 120
(four elements), and 175 (five elements) would be obtained
for every atom using, e.g., sets of five ACSFs per pair and
triple.

The growing size of the descriptor vectors in turn leads
to an increase in the computational cost associated not only
with the training and evaluation of HDNNP models but also
with the transformation of the original Cartesian coordinates.
This behavior has serious implications for applications where a
large number of HDNNP evaluations are performed, e.g., high
throughput screening or molecular dynamics simulations. Due
to these problems, standard ACSFs become less suited with an
increasing number of different elements in chemical systems.

C. Weighted ACSFs

In order to overcome the limitations of conventional
ACSFs discussed above, we propose a modification of this type
of descriptor. Instead of using separate functions to describe
different combinations of elements, we instead account for
the composition of the chemical environment in an implicit
manner by introducing element-dependent weighting func-
tions into Eqs. (1) and (3). The resulting descriptors—
which we term weighted ACSFs (wACSFs)—take the
form

W rad
i =

NX

j,i

g(Zj)e�⌘(rij�µ)2
fij (4)

for radial and

W ang
i = 21�⇣

NX

j,i

NX

k,i,j

h(Zj, Zk)
⇣
1 + � cos ✓ijk

⌘⇣

⇥e�⌘(rij�µ)2
e�⌘(rik�µ)2

e�⌘(rjk�µ)2
fijfik fjk (5)
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IV. RESULTS AND DISCUSSION

A. Comparison of ACSFs and wACSFs

The main motivation for introducing wACSFs is to pro-
vide a balanced and concise description of systems composed
of several different chemical species, thus overcoming one of
the inherent limitations of conventional ACSFs. In order to
assess the performance of wACSFs compared to ACSFs for
such systems, we use HDNNPs based on both descriptor types
to model the enthalpies of formation for the molecules in the
QM9 database. The QM9 database is well suited for this task,
as it contains 133 855 organic compounds built from the five
elements H, C, N, O, and F, giving rise to a wide range of
different chemical motifs.

In the case of wACSFs, descriptor vectors of 32 symme-
try functions were used to model the chemical environments
of the individual atoms. Each descriptor is a combination of 26
shifted radial and 6 (2⇥ 3) centered angular functions obtained
with the parametrization schemes detailed in Sec. II D. For
ACSF type functions, two different descriptor vectors were
investigated. The first one is a minimal descriptor, using only
one symmetry function for each combination of elements.
Since the QM9 database contains five different chemical ele-
ments, a total of 35 symmetry functions (5 shifted radial and 30
centered angular) are necessary (see Sec. II), already exceeding
the length of the wACSF vector. However, in practical appli-
cations, more than one ACSF is required per pair and triple
of elements in order to resolve the geometries of the differ-
ent chemical environments with sufficient accuracy. Hence,
we also introduce a second ACSF descriptor vector with an
equivalent spatial resolution of symmetry functions as in the
above wACSF descriptor vector. In order to achieve this, 130
radial (5 ⇥ 26) and 90 angular (30 ⇥ 6) ACSFs are necessary,
demonstrating the undesirable scaling of the overall length of
ACSF type descriptor vectors with the number of chemical
species.

Figure 3 shows the mean absolute errors (MAEs) for the
QM9 database obtained with the wACSF descriptor (32 sym-
metry functions) as well as the minimal ACSF descriptor (35
symmetry functions) and the ACSF descriptor using an equiv-
alent spatial resolution as for the wACSFs (220 symmetry
functions). In all cases, the 5-fold cross validation procedure
and reference data split described in Sec. III were used. As can
be seen, the wACSF-based descriptor outperforms the minimal
ACSF descriptor by more than a factor of three although both
use a similar number of symmetry functions. This effect is due
to the manner in which elemental information is incorporated
into both descriptors. Standard ACSFs introduce a separate
set of symmetry functions for every relevant combination of
elements (see the discussion above). In the minimal ACSF
descriptor, only one symmetry function per combination is
used in order to obtain a descriptor vector of similar length
as its wACSF counterpart. This restriction leads to an insuffi-
cient spatial resolution, resulting in the subpar performance of
the minimal descriptor. In wACSF, different chemical species
are accounted for in an implicit manner instead (see Sec. II).
Thus, the need for separate sets of functions is eliminated,
and the wACSF can achieve a much higher spatial resolu-
tion than ACSF with the same number of symmetry functions,

FIG. 3. MAEs obtained for ACSF and wACSF type descriptors. In the case
of the wACSF-based model, 32 symmetry functions are used to describe the
chemical environment of each element (26 radial and 6 angular functions).
The error bars and values in brackets correspond to the standard deviations
obtained via the 5-fold cross validation procedure. For the ACSFs, two dif-
ferent descriptor vectors are shown, one using a minimal set of 35 symmetry
functions (5 radial and 30 angular), while the other one uses the same spatial
resolution as the wACSF vector, leading to a total of 220 symmetry functions
(130 radial and 90 angular). Note that better prediction errors may be achieved
with larger descriptor vectors and larger NNs, but this was not the goal of this
study.

while still being able to successfully differentiate between ele-
ments. Due to its higher spatial resolution, the second ACSF
descriptor is able to achieve a performance comparable to
the wACSFs, albeit at the cost of increasing the number of
symmetry functions from 35 to 220. However, even in this
case, the wACSF-based models exhibit better predictive power
for unknown samples, as can be seen in the MAEs associ-
ated with the validation and test sets, which are more than
0.5 kcal/mol lower than those of the ACSF descriptor using
220 symmetry functions (Fig. 3). For the latter, the predic-
tion MAE increases almost by a factor of three when going
from the training to the test set, while the error associated with
wACSFs increases only by approximately one half. This find-
ing demonstrates a second important feature of wACSF type
functions. In molecular systems, chemical motifs occur with
different frequencies, it is, e.g., much more likely to encounter
bonds involving oxygen than fluorine in the QM9 database.
Since ACSFs treat different combinations of elements sepa-
rately, models based on this descriptor type can only learn the
contributions of rare motifs (e.g., a C–F bond) based on the
few examples present in the training set. All information about
patterns, which are structurally similar but involve different
species (e.g., C–O bonds with a similar length as C–F bonds),
is effectively wasted. In wACSF, on the other hand, spatial
functions are shared between different elements. Hence, even
if an element is only encountered rarely, wACSF-based mod-
els are able to utilize the information about structurally similar
motifs during training. This feature is conceptually similar to
the sharing of weights in modern neural network architectures
and leads to the improved generalization behavior observed
above.

In general, we find that for chemically diverse systems
the newly introduced wACSF type symmetry functions offer
superior performance compared to conventional ACSFs, not
only with respect to their overall predictive accuracy but also
the total number of functions needed to describe a system. The
latter feature is especially beneficial for practical applications
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What can we do?
• Ever-increasing computing power, simulation data, and machine learning tools.
• Coupling machine learning and simulations is the key to solve challenging 

problems in chemistry and material science.
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difference of the calculated phonon frequencies with DFT is
2.73 and 4.14 meV, while the maximum deviation from DFT is
8.05 and 13.03 meV for GAP17 and GAP20, respectively.
According to these results, GAP17 predicts phonon
frequencies closer to the DFT than GAP20. This relatively
good match with DFT also holds for our calculations in
compressed and strained supercells. The average difference
with DFT for GAP17 (GAP20) is 2.78 meV (4.15 meV) when
compressed by 1% and 2.74 meV (2.64 meV) when strained by
1%. Although in strained case the average difference for
GAP20 is less than that for GAP17, the maximum deviations
are always larger for the GAP20 case by around 3−4 meV.
Similar to the DFT case, both GAP models also predict
imaginary frequencies for ZA mode near the Γ point of the
Brillouin zone when the graphene is compressed (see Figure
1b). In general, the frequency for the lowest-energy mode
(ZA) decreases with the compression and increases with the
positive strain as in the DFT case. How the phonon
frequencies change with respect to strain is important as they
are used in the estimation of TEC by the QHA. However,
negative phonon frequencies are a big problem here as they are
not valid in QHA. Moreover, the acoustic phonons, especially
the ZA mode, near the Γ point is known to be crucial in
determining the thermal properties of layered materials.54

Thus, we fit the lowest-energy frequencies (ZA mode) in the
compressed cases using the linear behavior of the strained
cases. However, in general, the behavior deviates from linearity
with the increase in strain, thus limiting our QHA approach
within the linear regime (up to ±1.5% strain). We checked the
validity of fitting the vibrational frequencies by comparing all
of the modes reproduced (dashed lines in Figure 1b) to the
original ones, and apart from the imaginary frequencies close
to the Γ point in the ZA mode, all other phonon frequencies
are reproduced with relatively good accuracy with linear fitting
up to −1.5% strain and more deviations start thereafter (see
Supporting Information Figure S1).
Alternative to the QHA, Grun̈eisen framework can be used

as well to estimate TEC. Mode Grun̈eisen parameters (γq,z),
which are often used as a heuristic method to quantify
anharmonicity, basically show the strain dependence of
phonon frequencies

γ ω
ω

= − ∂
∂

a
aq j

q j

q j
,

0

,

,

where a0 is the unit cell constant and ωq,z is the vibrational
frequency corresponding to wave vector q and mode j. Within
the Grun̈eisen framework, TEC (α) can be estimated using
mode-dependent Grun̈eisen parameters via the mean Gru-̈
neisen parameter (γmean) as

α
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=
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where cq,j is the mode-specific heat, CV is the heat capacity, BT
is the bulk modulus, and (γmean) can be obtained from the
mode-dependent Grun̈eisen parameters by
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Mode Grun̈eisen parameters calculated over a 100 × 100 q-
mesh are given in Figure 2 for both GAP models and DFT.

Apart from the small deviations for TA and LA acoustic
branches around Γ point, the GAP17 model reproduces the
mode Grun̈eisen parameters very accurately from the DFT. In
general, the ZA branch (out-of-plane vibration) is the main
negative contributor while the optic branches are condensed
slightly above 0 for both the GAP17 model and DFT. On the
other hand, the GAP20 model overestimates the negative
contributions of TA and LA modes.
The calculated TEC curves between 50 and 600 K are given

in Figure 3. For the GAP17 model, the TEC curves obtained
from Grun̈eisen framework and QHA are very close, while
there is a larger difference between them for DFT and GAP20
model. For the GAP17 model, the lowest TEC values are
obtained at around 220 K as −5.88 and −5.63 × 10−6 K−1,
while the values increase to −5.61 and −5.42 × 10−6 K−1 at
room temperature for QHA and Grun̈eisen framework,

Figure 2. Calculated mode Grun̈eisen parameters for DFT, GAP17,
and GAP20 models over a 100 × 100 q-mesh.

Figure 3. (a) Normalized area versus simulation temperature for
molecular dynamics calculations with DFT, GAP17, and GAP20
models. (b) Normalized area versus simulation temperature for
molecular dynamics calculations GAP17 model w.r.t system size. (c)
Calculated thermal expansion coefficients of graphene by MD
simulations with DFT, GAP17, and GAP20 models. (d) Calculated
thermal expansion coefficients of graphene QHA and Grun̈eisen
framework with GAP models and DFT.
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difference of the calculated phonon frequencies with DFT is
2.73 and 4.14 meV, while the maximum deviation from DFT is
8.05 and 13.03 meV for GAP17 and GAP20, respectively.
According to these results, GAP17 predicts phonon
frequencies closer to the DFT than GAP20. This relatively
good match with DFT also holds for our calculations in
compressed and strained supercells. The average difference
with DFT for GAP17 (GAP20) is 2.78 meV (4.15 meV) when
compressed by 1% and 2.74 meV (2.64 meV) when strained by
1%. Although in strained case the average difference for
GAP20 is less than that for GAP17, the maximum deviations
are always larger for the GAP20 case by around 3−4 meV.
Similar to the DFT case, both GAP models also predict
imaginary frequencies for ZA mode near the Γ point of the
Brillouin zone when the graphene is compressed (see Figure
1b). In general, the frequency for the lowest-energy mode
(ZA) decreases with the compression and increases with the
positive strain as in the DFT case. How the phonon
frequencies change with respect to strain is important as they
are used in the estimation of TEC by the QHA. However,
negative phonon frequencies are a big problem here as they are
not valid in QHA. Moreover, the acoustic phonons, especially
the ZA mode, near the Γ point is known to be crucial in
determining the thermal properties of layered materials.54

Thus, we fit the lowest-energy frequencies (ZA mode) in the
compressed cases using the linear behavior of the strained
cases. However, in general, the behavior deviates from linearity
with the increase in strain, thus limiting our QHA approach
within the linear regime (up to ±1.5% strain). We checked the
validity of fitting the vibrational frequencies by comparing all
of the modes reproduced (dashed lines in Figure 1b) to the
original ones, and apart from the imaginary frequencies close
to the Γ point in the ZA mode, all other phonon frequencies
are reproduced with relatively good accuracy with linear fitting
up to −1.5% strain and more deviations start thereafter (see
Supporting Information Figure S1).
Alternative to the QHA, Grun̈eisen framework can be used

as well to estimate TEC. Mode Grun̈eisen parameters (γq,z),
which are often used as a heuristic method to quantify
anharmonicity, basically show the strain dependence of
phonon frequencies
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where a0 is the unit cell constant and ωq,z is the vibrational
frequency corresponding to wave vector q and mode j. Within
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Mode Grun̈eisen parameters calculated over a 100 × 100 q-
mesh are given in Figure 2 for both GAP models and DFT.

Apart from the small deviations for TA and LA acoustic
branches around Γ point, the GAP17 model reproduces the
mode Grun̈eisen parameters very accurately from the DFT. In
general, the ZA branch (out-of-plane vibration) is the main
negative contributor while the optic branches are condensed
slightly above 0 for both the GAP17 model and DFT. On the
other hand, the GAP20 model overestimates the negative
contributions of TA and LA modes.
The calculated TEC curves between 50 and 600 K are given

in Figure 3. For the GAP17 model, the TEC curves obtained
from Grun̈eisen framework and QHA are very close, while
there is a larger difference between them for DFT and GAP20
model. For the GAP17 model, the lowest TEC values are
obtained at around 220 K as −5.88 and −5.63 × 10−6 K−1,
while the values increase to −5.61 and −5.42 × 10−6 K−1 at
room temperature for QHA and Grun̈eisen framework,

Figure 2. Calculated mode Grun̈eisen parameters for DFT, GAP17,
and GAP20 models over a 100 × 100 q-mesh.

Figure 3. (a) Normalized area versus simulation temperature for
molecular dynamics calculations with DFT, GAP17, and GAP20
models. (b) Normalized area versus simulation temperature for
molecular dynamics calculations GAP17 model w.r.t system size. (c)
Calculated thermal expansion coefficients of graphene by MD
simulations with DFT, GAP17, and GAP20 models. (d) Calculated
thermal expansion coefficients of graphene QHA and Grun̈eisen
framework with GAP models and DFT.
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difference of the calculated phonon frequencies with DFT is
2.73 and 4.14 meV, while the maximum deviation from DFT is
8.05 and 13.03 meV for GAP17 and GAP20, respectively.
According to these results, GAP17 predicts phonon
frequencies closer to the DFT than GAP20. This relatively
good match with DFT also holds for our calculations in
compressed and strained supercells. The average difference
with DFT for GAP17 (GAP20) is 2.78 meV (4.15 meV) when
compressed by 1% and 2.74 meV (2.64 meV) when strained by
1%. Although in strained case the average difference for
GAP20 is less than that for GAP17, the maximum deviations
are always larger for the GAP20 case by around 3−4 meV.
Similar to the DFT case, both GAP models also predict
imaginary frequencies for ZA mode near the Γ point of the
Brillouin zone when the graphene is compressed (see Figure
1b). In general, the frequency for the lowest-energy mode
(ZA) decreases with the compression and increases with the
positive strain as in the DFT case. How the phonon
frequencies change with respect to strain is important as they
are used in the estimation of TEC by the QHA. However,
negative phonon frequencies are a big problem here as they are
not valid in QHA. Moreover, the acoustic phonons, especially
the ZA mode, near the Γ point is known to be crucial in
determining the thermal properties of layered materials.54

Thus, we fit the lowest-energy frequencies (ZA mode) in the
compressed cases using the linear behavior of the strained
cases. However, in general, the behavior deviates from linearity
with the increase in strain, thus limiting our QHA approach
within the linear regime (up to ±1.5% strain). We checked the
validity of fitting the vibrational frequencies by comparing all
of the modes reproduced (dashed lines in Figure 1b) to the
original ones, and apart from the imaginary frequencies close
to the Γ point in the ZA mode, all other phonon frequencies
are reproduced with relatively good accuracy with linear fitting
up to −1.5% strain and more deviations start thereafter (see
Supporting Information Figure S1).
Alternative to the QHA, Grun̈eisen framework can be used

as well to estimate TEC. Mode Grun̈eisen parameters (γq,z),
which are often used as a heuristic method to quantify
anharmonicity, basically show the strain dependence of
phonon frequencies

γ ω
ω

= − ∂
∂

a
aq j

q j

q j
,

0

,

,

where a0 is the unit cell constant and ωq,z is the vibrational
frequency corresponding to wave vector q and mode j. Within
the Grun̈eisen framework, TEC (α) can be estimated using
mode-dependent Grun̈eisen parameters via the mean Gru-̈
neisen parameter (γmean) as

α
γ

=
C

B V

V

T a T

mean

0 ,

where cq,j is the mode-specific heat, CV is the heat capacity, BT
is the bulk modulus, and (γmean) can be obtained from the
mode-dependent Grun̈eisen parameters by

γ
γ

≡
∑
∑

c

c
q j q j q j

q j q j
mean

, , ,

, ,

Mode Grun̈eisen parameters calculated over a 100 × 100 q-
mesh are given in Figure 2 for both GAP models and DFT.

Apart from the small deviations for TA and LA acoustic
branches around Γ point, the GAP17 model reproduces the
mode Grun̈eisen parameters very accurately from the DFT. In
general, the ZA branch (out-of-plane vibration) is the main
negative contributor while the optic branches are condensed
slightly above 0 for both the GAP17 model and DFT. On the
other hand, the GAP20 model overestimates the negative
contributions of TA and LA modes.
The calculated TEC curves between 50 and 600 K are given

in Figure 3. For the GAP17 model, the TEC curves obtained
from Grun̈eisen framework and QHA are very close, while
there is a larger difference between them for DFT and GAP20
model. For the GAP17 model, the lowest TEC values are
obtained at around 220 K as −5.88 and −5.63 × 10−6 K−1,
while the values increase to −5.61 and −5.42 × 10−6 K−1 at
room temperature for QHA and Grun̈eisen framework,

Figure 2. Calculated mode Grun̈eisen parameters for DFT, GAP17,
and GAP20 models over a 100 × 100 q-mesh.

Figure 3. (a) Normalized area versus simulation temperature for
molecular dynamics calculations with DFT, GAP17, and GAP20
models. (b) Normalized area versus simulation temperature for
molecular dynamics calculations GAP17 model w.r.t system size. (c)
Calculated thermal expansion coefficients of graphene by MD
simulations with DFT, GAP17, and GAP20 models. (d) Calculated
thermal expansion coefficients of graphene QHA and Grun̈eisen
framework with GAP models and DFT.
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C-C bond length and rippling width increases with 
temperature.

■ CONCLUSIONS
In summary, in this study, we investigated the accuracy of the
machine learning GAP models in the TEC estimation of
graphene. The one-to-one comparison of phonon frequencies
hints that the GAP model catches the lattice dynamics of
graphene very well, especially with the GAP17 model. Thus,
the TEC estimation from the Grüneisen framework is the
closest to the DFT calculated value. On the other hand, there
are larger differences in QHA due to the nonlinear behavior of
the vibrational frequencies at the limits in the selected strain
range. The molecular dynamical simulations show that the
GAP17 model captures the origin of the thermal expansion

similar to the DFT-level calculations. The negative thermal
expansion is associated with the rippling behavior caused by
the out-of-plane vibrations (ZA mode) as the C−C bond
lengths increase with increasing temperature.
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Figure 4. (a) Side view of graphene monolayer within an MD frame
demonstrating the rippling behavior. (b) Structural analysis of 6240-
atom graphene system obtained from MD simulations with the
GAP17 model. The bond length distribution is given in the horizontal
axis, while the position distribution on the z-axis is given in the
vertical axis against the number of occurrences. (c) Normalized bond
length versus temperature and rippling width versus temperature
graphs of graphene obtained from MD simulations. Rippling width is
calculated as 2σ from the standard deviation of the position
distribution on thhe z-axis, and the bond lengths are normalized
using the bond length of the relaxed system (d0).

Table 1. Average Simulation Times for Simulations
Performed with GAP Models and DFT on the Same
Computer Architecture

method system size
no. of
steps no. of CPU

total
time
(h)

time per
step (s)

DFT 112 atom 10 000 28 (1 node) 71 26
DFT 240 atom 10 000 56 (2 nodes) 170 61
DFT 336 atom 10 000 84 (3 nodes) 293 106
DFT 448 atom 10 000 112 (4 nodes) 574 207
GAP 448 atom 500 000 28 (1 node) 18 0.2
GAP 1008 atom 500 000 28 (1 node) 38 0.4
GAP 2232 atom 500 000 28 (1 node) 84 0.7
GAP 4032 atom 500 000 28 (1 node) 150 1.1
GAP 6240 atom 500 000 28 (1 node) 240 1.7
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closest to the DFT calculated value. On the other hand, there
are larger differences in QHA due to the nonlinear behavior of
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range. The molecular dynamical simulations show that the
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Tuğbey Kocabas ̧ − Department of Materials Science and
Engineering, Institute of Graduate Programs, Eskisȩhir
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atom graphene system obtained from MD simulations with the
GAP17 model. The bond length distribution is given in the horizontal
axis, while the position distribution on the z-axis is given in the
vertical axis against the number of occurrences. (c) Normalized bond
length versus temperature and rippling width versus temperature
graphs of graphene obtained from MD simulations. Rippling width is
calculated as 2σ from the standard deviation of the position
distribution on thhe z-axis, and the bond lengths are normalized
using the bond length of the relaxed system (d0).

Table 1. Average Simulation Times for Simulations
Performed with GAP Models and DFT on the Same
Computer Architecture

method system size
no. of
steps no. of CPU

total
time
(h)

time per
step (s)

DFT 112 atom 10 000 28 (1 node) 71 26
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DFT 448 atom 10 000 112 (4 nodes) 574 207
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difference of the calculated phonon frequencies with DFT is
2.73 and 4.14 meV, while the maximum deviation from DFT is
8.05 and 13.03 meV for GAP17 and GAP20, respectively.
According to these results, GAP17 predicts phonon
frequencies closer to the DFT than GAP20. This relatively
good match with DFT also holds for our calculations in
compressed and strained supercells. The average difference
with DFT for GAP17 (GAP20) is 2.78 meV (4.15 meV) when
compressed by 1% and 2.74 meV (2.64 meV) when strained by
1%. Although in strained case the average difference for
GAP20 is less than that for GAP17, the maximum deviations
are always larger for the GAP20 case by around 3−4 meV.
Similar to the DFT case, both GAP models also predict
imaginary frequencies for ZA mode near the Γ point of the
Brillouin zone when the graphene is compressed (see Figure
1b). In general, the frequency for the lowest-energy mode
(ZA) decreases with the compression and increases with the
positive strain as in the DFT case. How the phonon
frequencies change with respect to strain is important as they
are used in the estimation of TEC by the QHA. However,
negative phonon frequencies are a big problem here as they are
not valid in QHA. Moreover, the acoustic phonons, especially
the ZA mode, near the Γ point is known to be crucial in
determining the thermal properties of layered materials.54

Thus, we fit the lowest-energy frequencies (ZA mode) in the
compressed cases using the linear behavior of the strained
cases. However, in general, the behavior deviates from linearity
with the increase in strain, thus limiting our QHA approach
within the linear regime (up to ±1.5% strain). We checked the
validity of fitting the vibrational frequencies by comparing all
of the modes reproduced (dashed lines in Figure 1b) to the
original ones, and apart from the imaginary frequencies close
to the Γ point in the ZA mode, all other phonon frequencies
are reproduced with relatively good accuracy with linear fitting
up to −1.5% strain and more deviations start thereafter (see
Supporting Information Figure S1).
Alternative to the QHA, Grun̈eisen framework can be used

as well to estimate TEC. Mode Grun̈eisen parameters (γq,z),
which are often used as a heuristic method to quantify
anharmonicity, basically show the strain dependence of
phonon frequencies
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where a0 is the unit cell constant and ωq,z is the vibrational
frequency corresponding to wave vector q and mode j. Within
the Grun̈eisen framework, TEC (α) can be estimated using
mode-dependent Grun̈eisen parameters via the mean Gru-̈
neisen parameter (γmean) as
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where cq,j is the mode-specific heat, CV is the heat capacity, BT
is the bulk modulus, and (γmean) can be obtained from the
mode-dependent Grun̈eisen parameters by
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Mode Grun̈eisen parameters calculated over a 100 × 100 q-
mesh are given in Figure 2 for both GAP models and DFT.

Apart from the small deviations for TA and LA acoustic
branches around Γ point, the GAP17 model reproduces the
mode Grun̈eisen parameters very accurately from the DFT. In
general, the ZA branch (out-of-plane vibration) is the main
negative contributor while the optic branches are condensed
slightly above 0 for both the GAP17 model and DFT. On the
other hand, the GAP20 model overestimates the negative
contributions of TA and LA modes.
The calculated TEC curves between 50 and 600 K are given

in Figure 3. For the GAP17 model, the TEC curves obtained
from Grun̈eisen framework and QHA are very close, while
there is a larger difference between them for DFT and GAP20
model. For the GAP17 model, the lowest TEC values are
obtained at around 220 K as −5.88 and −5.63 × 10−6 K−1,
while the values increase to −5.61 and −5.42 × 10−6 K−1 at
room temperature for QHA and Grun̈eisen framework,

Figure 2. Calculated mode Grun̈eisen parameters for DFT, GAP17,
and GAP20 models over a 100 × 100 q-mesh.

Figure 3. (a) Normalized area versus simulation temperature for
molecular dynamics calculations with DFT, GAP17, and GAP20
models. (b) Normalized area versus simulation temperature for
molecular dynamics calculations GAP17 model w.r.t system size. (c)
Calculated thermal expansion coefficients of graphene by MD
simulations with DFT, GAP17, and GAP20 models. (d) Calculated
thermal expansion coefficients of graphene QHA and Grun̈eisen
framework with GAP models and DFT.
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difference of the calculated phonon frequencies with DFT is
2.73 and 4.14 meV, while the maximum deviation from DFT is
8.05 and 13.03 meV for GAP17 and GAP20, respectively.
According to these results, GAP17 predicts phonon
frequencies closer to the DFT than GAP20. This relatively
good match with DFT also holds for our calculations in
compressed and strained supercells. The average difference
with DFT for GAP17 (GAP20) is 2.78 meV (4.15 meV) when
compressed by 1% and 2.74 meV (2.64 meV) when strained by
1%. Although in strained case the average difference for
GAP20 is less than that for GAP17, the maximum deviations
are always larger for the GAP20 case by around 3−4 meV.
Similar to the DFT case, both GAP models also predict
imaginary frequencies for ZA mode near the Γ point of the
Brillouin zone when the graphene is compressed (see Figure
1b). In general, the frequency for the lowest-energy mode
(ZA) decreases with the compression and increases with the
positive strain as in the DFT case. How the phonon
frequencies change with respect to strain is important as they
are used in the estimation of TEC by the QHA. However,
negative phonon frequencies are a big problem here as they are
not valid in QHA. Moreover, the acoustic phonons, especially
the ZA mode, near the Γ point is known to be crucial in
determining the thermal properties of layered materials.54

Thus, we fit the lowest-energy frequencies (ZA mode) in the
compressed cases using the linear behavior of the strained
cases. However, in general, the behavior deviates from linearity
with the increase in strain, thus limiting our QHA approach
within the linear regime (up to ±1.5% strain). We checked the
validity of fitting the vibrational frequencies by comparing all
of the modes reproduced (dashed lines in Figure 1b) to the
original ones, and apart from the imaginary frequencies close
to the Γ point in the ZA mode, all other phonon frequencies
are reproduced with relatively good accuracy with linear fitting
up to −1.5% strain and more deviations start thereafter (see
Supporting Information Figure S1).
Alternative to the QHA, Grun̈eisen framework can be used

as well to estimate TEC. Mode Grun̈eisen parameters (γq,z),
which are often used as a heuristic method to quantify
anharmonicity, basically show the strain dependence of
phonon frequencies
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where a0 is the unit cell constant and ωq,z is the vibrational
frequency corresponding to wave vector q and mode j. Within
the Grun̈eisen framework, TEC (α) can be estimated using
mode-dependent Grun̈eisen parameters via the mean Gru-̈
neisen parameter (γmean) as
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where cq,j is the mode-specific heat, CV is the heat capacity, BT
is the bulk modulus, and (γmean) can be obtained from the
mode-dependent Grun̈eisen parameters by
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Mode Grun̈eisen parameters calculated over a 100 × 100 q-
mesh are given in Figure 2 for both GAP models and DFT.

Apart from the small deviations for TA and LA acoustic
branches around Γ point, the GAP17 model reproduces the
mode Grun̈eisen parameters very accurately from the DFT. In
general, the ZA branch (out-of-plane vibration) is the main
negative contributor while the optic branches are condensed
slightly above 0 for both the GAP17 model and DFT. On the
other hand, the GAP20 model overestimates the negative
contributions of TA and LA modes.
The calculated TEC curves between 50 and 600 K are given

in Figure 3. For the GAP17 model, the TEC curves obtained
from Grun̈eisen framework and QHA are very close, while
there is a larger difference between them for DFT and GAP20
model. For the GAP17 model, the lowest TEC values are
obtained at around 220 K as −5.88 and −5.63 × 10−6 K−1,
while the values increase to −5.61 and −5.42 × 10−6 K−1 at
room temperature for QHA and Grun̈eisen framework,

Figure 2. Calculated mode Grun̈eisen parameters for DFT, GAP17,
and GAP20 models over a 100 × 100 q-mesh.

Figure 3. (a) Normalized area versus simulation temperature for
molecular dynamics calculations with DFT, GAP17, and GAP20
models. (b) Normalized area versus simulation temperature for
molecular dynamics calculations GAP17 model w.r.t system size. (c)
Calculated thermal expansion coefficients of graphene by MD
simulations with DFT, GAP17, and GAP20 models. (d) Calculated
thermal expansion coefficients of graphene QHA and Grun̈eisen
framework with GAP models and DFT.
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